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Abstract
The objective of the thesis is to study the interaction of a high-Reynolds moderate-Weber
number bubble with an inclined wall. For a given bubble-liquid combination, an increase of
the inclination angle results in a transition from a steady sliding motion to periodic bouncing.
An experimental device was designed and built to generate the collision of bubbles in ter-
minal state conditions with an inclined wall, with inclination angles ranging from 5◦ to 80◦.
Experiments were conducted considering different liquids and bubble diameters. The bubble
shape and position were recorded using a high speed camera whereas the wake was captured
using a time-resolved Particle Image Velocimetry technique. In addition, the interaction pro-
cess was also studied using a numerical code.
Considering a force balance on the sliding bubble, that takes into account the viscous or
inertial nature of the drag force, the sliding and bouncing motions were well characterised
and validated by the experimental results. The inertial sliding and bouncing motions were
associated to a constant tangential Froude number. As for the viscous sliding motion, the
corresponding drag coefficient was satisfactorily modelled through the additive effects of the
potential-flow wall effect and the vorticity production at the wall. Through the same force
balance projected along the normal axis, a set of relations were obtained for the transition
from sliding to bouncing motions. The wake induced lift force results to be of major impor-
tance for the transition criteria.
The different phases that characterize the oblique collision were analyzed. Accordingly, the
initial and final times for the process were chosen. On this basis, models for the normal
and tangential coefficient of restitutions were proposed and numerically supported. The nu-
merical simulations reproduced the different aspect of the bubble inclined wall interaction.
Keywords— Bubble, Wall, Inclination, Sliding, Bouncing, Coefficient of restitution, Wake
Re´sume´
Cette the`se a pour objet l’e´tude de l’interaction d’une bulle a` grand nombre de Reynolds
et nombre de Weber moyen avec une paroi incline´e. Pour une combinaison bulle-liquide
donne´e, une augmentation de l’angle d’inclinaison de la paroi entraˆıne une transition de
re´gime de mouvement de la bulle qui passe d’un re´gime de glissement a` la paroi a` un re´gime
de rebonds pe´riodiques. Un dispositif expe´rimental a e´te´ conc¸u et construit afin de produire
la collision entre une bulle en condition d’ascension terminale et une paroi incline´e, l’angle
d’inclinaison variant entre 5◦ et 80◦. Des campagnes de mesures ont e´te´ mene´es en utilisant de
nombreux liquides et diame`tres de bulles. La forme de la bulle de meˆme que sa position ont
e´te´ enregistre´es, durant chaque expe´rience, avec une came´ra rapide alors que le comportement
du sillage a e´te´ observe´ graˆce a` la technique de Particule Image Ve´locime´trie (PIV) a` haute
fre´quence. En outre, le processus d’interaction a e´galement e´te´ reproduit par simulation
nume´rique.
En utilisant l’e´quilibre des forces qui caracte´rise le mouvement de glissement a` la paroi de
la bulle, prenant en compte la nature visqueuse ou inertielle de la force de frottement, les
mouvements de glissement a` la paroi et de rebonds pe´riodiques sont bien de´crits et sont valide´s
par les re´sultats expe´rimentaux. Le re´gime de glissement inertiel ainsi que le re´gime de rebond
a` la paroi sont associe´s a` un nombre de Froude tangentiel constant. En ce qui concerne
le re´gime de glissement visqueux, l’e´volution du coefficient de frottement est reproduit de
manie`re satisfaisante en prenant en compte les effets additifs de la pre´sence d’un mur sur
les e´coulements potentiels et de la production de vorticite´ au niveau de la paroi. A` partir
de ce meˆme e´quilibre des forces mais projete´ suivant l’axe normal a` la paroi, un ensemble
de relations a e´te´ e´tabli pour repre´senter la transition du re´gime de glissement a` la paroi au
re´gime de rebonds. La force de portance induite par les effets du sillage demeure d’importance
majeure pour le crite`re de transition.
Les diffe´rentes phases qui caracte´risent la collision entre la bulle et la paroi incline´e sont
analyse´es. Des mode`les pour le coefficient de restitution normal et le coefficient de restitution
tangentiel sont propose´s et valide´s nume´riquement. Les simulations nume´riques reproduisent,
entre autres, les diffe´rents aspects de la physique de l’interaction.
Mots-Cle´s—Bulle, Paroi, Inclinaison, Glissement, Rebond, Coefficient de restitution, Sillage
Resumen
El objetivo de la te´sis fue´ estudiar la interacc´ıon entre una burbuja a gran nu´mero de Rey-
nolds y nu´mero de Weber moderado y una pared inclinada. Considerando una combinacio´n
de burbuja y liquido, un incremento del a´ngulo de inclinacio´n provoca una transicio´n de
regime´n de movimiento de la burbuja, cambiando de deslizamiento junto a la pared a un
rebote perio´dico. Un dispositivo experimental fue´ disen˜ado y construido para generar la co-
lisio´n entre una burbuja en condicio´n de ascenso terminal y una pared inclinada. El a´ngulo
de inclinacio´n vario´ entre 5◦ y 80◦. Series de mediciones fueron realizadas usando diferentes
l´ıquidos y taman˜os de burbujas. La forma de la burbuja y su posicio´n fueron registradas du-
rante cada experimento con una ca´mara de alta velocidad, mientras que el comportamiento
de la estela fue´ observado mediante la te´cnica PIV de alta frecuencia. Adicionalmente, el
proceso de interaccio´n se estudio´ tambie´n por medio de simulaciones nume´ricas.
A partir del balance de fuerzas sobre una burbuja que desliza contra una pared, considerando
por separando la fuerza de arrastre de naturaleza viscosa y de naturaleza inercial, la dina´mica
del deslizamiento y de los rebotes perio´dicos se ha descrito de manera coherente con los resul-
tados experimentales. El re´gimen de deslizamiento inercial y el re´gimen de rebote se asocian
a un nu´mero de Froude tangencial constante. En cuanto al re´gimen de deslizamiento viscoso,
la evaluacio´n del coeficiente de friccio´n se obtuvo de forma satisfactoria tomando en cuenta
los efectos aditivos de la presencia de la pared sobre los flujos potenciales y la produccio´n
de vorticidad contra la pared. Considerando el mismo balance de fuerzas proyectado sobre el
eje perpendicular a la pared, un conjunto de relaciones fue´ establecido para la transicio´n de
re´gimen. La fuerza de empuje inducida por los efectos de la estela resulto´ de mayor impor-
tancia para el criterio de transicio´n.
Las diferentes fases que caracterizan el choque entre una burbuja y una pared inclinada
fueron analizadas a detalle, gracias a lo cual se obtuvieron mo´delos para el coeficiente de
restitucio´n normal y el coeficiente de restitucio´n tangencial, los cuales fueron validados por
los resultados nume´ricos. Las simulaciones nume´ricas reproducen los diferentes aspectos de
la f´ısica de la interaccio´n.
Palabras Claves— Burbuja, Pared, Inclinacio´n, Deslizamiento, Rebote, Coeficiente de
restitucio´n, Estela
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Multiphase flows are present and are of major importance in a large variety of fields from
engineering to medicine. In mineral processes, for instance, a common technique consists in
injecting bubbles to carry sulphide particles and extract them from the gangue. The control
of the bubble-particle interaction is crucial for this froth flotation mechanism (Zawala et al.
(2007), Krasowska and Malysa (2007)). In nuclear engineering, the energy efficiency of a re-
actor depends strongly on the steam generator performance. Because of the high multiphase
flow rates at stake during the production, a precise knowledge of the energy and momentum
transfer between the different phases and with the containing walls is required to define the
conditions that optimize the cost. Besides these concrete examples, multiphase flow is also
present in particle transport in blood, oil extraction, fluidized beds and sewage treatment to
mention just a few. Given the large number of existing configurations of multiphase flows,
fundamental science can produce realistic models that can be applied to each singular case.
This thesis focuses on the interaction of a single bubble with a rigid wall.
To understand the effect of the presence of a wall on the dynamic of a particle, three main
lines of investigations have been followed. The first one consists in modelling the collision of
1
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a particle against the wall by a coefficient of restitution ǫ =
Vrebound
Vcontact
, with Vrebound the ve-
locity of the particle after the impact and Vcontact before the contact. When a spherical solid




). A simple analytical model developed by Barnocky and Davis
(1988) provides the correct trend of this dependence for the large variety of experimental
conditions considered. In the case of a drop impacting a horizontal wall, a large contact time
is considered due to the drop shape deformation (Legendre et al. (2005)). This process is
well reproduced by a simple mass-spring model considering a dynamics equation with coeffi-
cients corresponding to the physical parameters of the problem. Based on this model, a more
appropriate definition of the Stokes number (St∗ =
CAM .ρ.deq.U0
9.µ
) is proposed for the case
of deformable particles. Through this latest, both solid particles and drops collisions follow
the same trend (ǫ ∼ exp(− β
St∗C
)). Finally, ellipsoidal bubbles colliding with a horizontal wall
(Zenit and Legendre (2009)) behave differently because the nature of the drainage of the
liquid film during the bubble approach is inertial rather than viscous. A revised version of
the previous mass-spring system reveals that in this case the coefficient of restitution scales







The second line of investigation of the effect of the wall on the particle dynamics also rely
on the impact of the particle on the wall but through the increased pressure in the liquid
film as the particle approaches the wall. The resulting force applied by this film on the
particle is obtained from the lubrication theory and the Laplace equation and introduced in
a simple model to resolve the bubble motion. This model fits both the amplitude and the
period of the bounces following the collision of a wide variety of drops and high Reynolds and
moderate Weber number bubbles with a horizontal (Klaseboer et al. (2001)) and an inclined
wall (Podvin et al. (2008)). The theory has also been extended to describe the formation of
the three phase contact (Krasowska and Malysa (2007)) for the case of a bubble impacting
the wall. Indeed when the contact lasts long enough so the liquid film thickness achieves a
critical value the liquid film ruptures and the bubble coalesces with the wall. The rate of
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thinning of the liquid film as well as its critical thickness result to depend on the hydrophilic,
surface roughness or heterogeneity properties of the solid wall (Jeong and Hyungmin (2015)).
As a general rule, the lubrication force provides a good representation of the dynamic of the
bubble motion in the direction normal to the wall but fail to represent the tangential motion
of the particle when the wall is inclined.
A third line of investigations considers asymptotic expansions of the different forces acting
on the bubble with respect to the dimensionless distance between the wall and the bubble are
developed. The motion of the bubble in the presence of the wall is then solved. For the low
Reynolds case, an adaptation of the Vasseur and Cox (1977) theory is applied to the shear-
free boundary condition case. Good approximation of the lift and drag wall induced forces
in the Oseen region (Takemura and Magnaudet (2003)) are then obtained. The potential
flow theory provides, in turn, the asymptotic expansions (Kok (1993)) of the different forces
acting on high Reynolds spherical particles interacting with a vertical wall (Moctezuma et al.
(2005)). The same drag coefficient corrections applied to the case of a bubble confined in a
channel (Figueroa-Espinoza et al. (2008)) is consistent with experimental data. However this
study revealed the leading part of the vortex formed at the wall in the dynamic of the bubble
and the necessity to consider it. Finally, Magnaudet et al. (2003) considered the interaction
of a drop with both a vertical and horizontal wall when the liquid is at rest at infinity, and
when a linear shear flow rate exists. They proposed analytic expressions of the drag, lift
and deformations induced by the presence of the wall in the two limit cases of a inviscid
bubble and a rigid sphere. Results were assumed valid for a dimensionless distance higher
than unity.
Most papers that deal with the interaction of a bubble and a wall are limited to either the ver-
tical or the horizontal cases, leaving the understanding of a bubble colliding with an inclined
wall modest. For the case of high Reynolds and low Weber numbers, Tsao and Koch (1997)
reported the existence of two behaviors as the bubble can either bounces repeatedly with a
constant amplitude and period or slides with a constant velocity. The transition between
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these two motions can be obtained by only changing the inclination of the wall. Tsao and
Koch (1997) proposed that the transition is related to a single critical Weber number but no
explanation of the corresponding physics was proposed. To our knowledge, no experimental
study of this phenomenon has been performed with liquids other than water. Regarding the
sliding motion of the bubble, Maslyiah et al. (1994) observed the experimental rise velocity
of small Weber number bubbles rising along an inclined wall. A good correspondence was
obtained with the Hestroni et al. (1997) theory when the channel was vertical. For the in-
clined case, an empirical relation of the drag coefficient accounting for the modified Eotvos
number to take into account the inclination of the wall and the Reynolds number corralated
all the experimental data. Aussillous and Que´re´ (2002) developed scaling laws for the steady
velocity of bubbles sliding against a wall. They considered the pancake regime (when the
bubble is considerably flattened against the wall because of the action of gravity) as well
as the spherical shape regime for which they obtained good results but for a limited range
of inclination angle. Podvin et al. (2008) extended the lubrication force model developed
by Klaseboer et al. (2001) to take into account the inclination of the wall. Based on the
same experimental data as Tsao and Koch (1997), the model showed good results for the
bounce amplitude and time-scale. However it failed to generate the tangential velocity vari-
ations because of the absence of the lift force in the model. Therefore it could not predict
the transition observed experimentally between sliding and bouncing regime. However this
transition has been obtained numerically through a level set method (Norman and Miksis
(2005)) coupled with a finite difference solution of the Navier-Stokes equations for a bubble
rising in a confined channel thanks to a variation of the Bond number, the Reynolds number
and the inclination angle.
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1.2 Outline
The purpose of the present thesis is to investigate experimentally and numerically the tran-
sition of behavior of a high Reynolds and moderate Weber numbers bubbles interacting with
an inclined wall following Tsao and Koch (1997) original set up. However, the transition of
regime is observed here for an extended range of physical properties, bubble diameters and
inclination angles. Based on the experimental results, theories of the different approaches of
the problem will be proposed, on one hand, and on the other hand the numerical code will
be evaluated in view to produce original results.
The high speed camera and PIV apparatus setup are described in Chapter 2. Through the
PIV data, the mutual influence of the bubble and its wake is explored and compared with
the De Vries et al. (2002) results. In addition, the numerical code JADIM used to simulate
bubble-inclined wall interactions is described in Chapter 3. In Chapter 4 the main differences
of behavior between the sliding and the bouncing motions are emphasized. Through their
dynamics evolutions as well as wake structures, a first approach of the physics of transition
is presented. In Chapter 5, the physical mechanism of the transition is analysed more pre-
ciously. Therefore theoretical relations for the transition of behavior are proposed. Based on
approaches of the problem developed by Aussillous and Que´re´ (2002) and Figueroa-Espinoza
et al. (2008), the sliding motion is established in Chapter 6. The oblique collision pro-
cess considering a bubble rising in its terminal state conditions is carried out in Chapter 7.
Accordingly, models for the normal and tangential coefficient of restitutions are obtained.
Finally, both steady motion and collision of a high Reynolds moderate Weber number bub-
bles are simulated in conditions equivalent to the experimental conditions with JADIM. Thus
the capacity of the code to reproduce the physics of the interaction is evaluated. The main
conclusions of the thesis are presented in Chapter 9. As well, the limit of the present thesis
and possible orientations for the study of the phenomenon are also detailed.




An experimental arrangement, depicted in Figure 2.1, was built to generate single bubbles
that interact with an inclined wall in a controlled manner.
Two tanks were built according to the liquid that was used. The heights, widths and
lengths of the rectangular glass tanks are respectively 50, 10 and 40 cm for the first tank and
41, 10 and 31 cm for the second one. Within the tank, a glass plate upon which the rising
bubble will bounce, is used as upper wall. The experimental setup allows to vary the incli-
nation angle of the wall θ from 5◦ to 80◦ by interval of 5◦ controlled digitally (±0.1◦). Single
air bubbles were generated from the bottom of the tank using a capillary tube and a syringe
pump. The injection rate was small enough (3 ml/hour) to consider the liquid at rest when
a bubble was released. The lower side of the wall was located far enough from the bottom
of the tank (10 cm) so that before the collision happens, the bubble has already reached its
terminal terminal velocity, Vterm, and shape, χterm = dma/dmi where dma and dmi are the
major and the minor axis of the bubble. To generate a range of experimental conditions,
seven different liquids and two capillary sizes were used. The physical parameters of the
corresponding liquid as well as the terminal conditions generated are summarized in Table
2.1. The viscosity and surface tension of the different liquids were measured with a stress
controlled (MCR101) Rheometer and a Wilhelmy balance with a DuNouy ring respectively.
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(a)
(b)
Figure 2.1: (a) Scheme of the experimental apparatus for the interaction of a rising bubble
with an inclined wall; (b) Parameters definition for a bubble rising away from the inclined
wall and sliding on it
During the collision process, bubble shape and position were recorded with a high speed
camera (Phantom) at a rate of at least 1000 frames per second with a 120 mm Nikkon lens.
Given the resolution of the high speed camera (1632 × 1200 pixels) and a maximum work
distance of 4 cm × 3 cm, a spatial precision of at least 110 µm/ pixel pitch was obtained.
The bubbles were illuminated backwards with a LED panel array. In order to present valid
mean and standard deviations values for the results, each experiment was repeated from 5 to
10 times. The dispersion of terminal velocity was always lower than 9%. For simplicity,the
results presented in this study corresponds to the corresponding values averaged over the
experiments repeated.
The bubble geometric centroid location as well as the wall position were identified for each
Barbosa Christophe Page 7 of 161
Chapter 2. Experimental setup
frame with MATLAB routines. This bubble center is then considered as the origin of the
spherical coordinate system whose axis is the vertical axis. Considering this spherical coor-
dinate system, a Legendre polynomial expansion of the radial position of the interface was





where Pl represents the Legendre polynomial of degree l and bl is the amplitude of the l
th
mode of surface deformation. Considering the orthogonality of the Legendre polynomial,
the coefficients bl are determined with a discrete integration of equation (2.1) multiplied by







Based on the expression of R, the major axis and minor axis of the bubble are obtained.





where dma and dmi are the major and minor axes, respectively.
The two components of the instantaneous velocity in the Cartesian coordinate system are
calculated with a central difference scheme:
Vi(t) =
xi(t + n∆t)− xi(t− n∆t)
2n∆t
, (2.4)
with ∆t the time between frames and xi the i
th Cartesian co-ordinates of the bubble center.
n, which was 5 in our case, is the number of step times necessary to obtain accurate velocities.
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Hence, the magnitude of the instantaneous velocity was obtained as:
V (t) =
√
V 2x (t) + V
2
y (t) (2.5)
We characterize each experiment (a combination of bubble size with the physical parameters








where Vterm is the velocity achieved by the bubble before colliding with the wall as illustrated
in Figure 2.1. µ and σ are the liquid viscosity and surface tension with the air respectively.
After the bubble collides with the wall, it experiences few transient bounces and then achieves
a new time-average steady state. As reported by Tsao and Koch (1997), the bubble can either
slide with a constant velocity or bounce periodically with a constant mean tangential velocity.
To characterize this new steady state, wall Reynolds and wall Weber numbers are defined








The range of experimental data is shown in Figure 2.2a and Figure 2.2b where the terminal
Reynolds number is plotted as a function of the corresponding terminal Weber number and
inclination angle respectively. For all experiments corresponding with a nominal conditions a
deviation of the terminal conditions is observed. This variability is the result of the change of
the bubble size and contamination of the liquid used. Both acqueous and non-acqueous liquids
were considered under ordinary laboratory conditions (not ultra-clean). In both figures,
experiments that correspond to a sliding motion (conversely bouncing motion) are plotted
with filled symbols (conversely empty symbols). The terminal Reynolds number extends
from 100 to 1000 while the Weber number spans roughly from 1.5 to 5. For this range of
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Experiment Composition ρ µ σ Deq Reterm Weterm χterm θtrans
% kg/m3 mPas mN/m mm
E1,  (R) SO 100 855 1.280 18.0 1.1 138±3 1.8±0.05 1.31±0.02 80◦
E2,  (R) SO 100 855 1.280 18.0 1.2 172±8 2.6±0.17 1.32±0.05 80◦
E3, • (O) SO 100 855 1.280 18.0 2.2 313±7 4.7±0.23 2.06±0.04 45◦
E4, ◮ (R) W-G 80-20 1045 1.555 70.2 1.7 305±7 1.9±0.09 1.26±0.04 70◦
E5, ◭ (O) W-T 99.88-0.12 1001 1.529 61.3 2.8 250±9 2.0±0.11 1.16±0.02 70◦
E6, N (O) W-G 85-15 1033 1.363 70.0 1.6 367±16 2.1±0.16 1.44±0.05 65◦
E7, H (O) W-G 90-10 1021 1.165 70.6 1.6 469±14 2.5±0.15 1.63±0.08 60◦
E8,  (O) W-G 95-5 1009 1.038 70.8 1.7 536±21 2.6±0.20 1.58±0.07 60◦
E9,  (O) W-G 90-10 1021 1.165 70.6 2.9 640±77 2.6±0.5 1.69±0.28 50◦
E10, • (O) W 100 998 0.955 72.6 1.6 601±40 2.7±0.3 1.78±0.10 50◦
E11, ⋆ (O) W 100 998 0.955 72.6 3.1 955±46 3.6±0.3 1.93±0.13 45◦
Table 2.1: Physical properties for all the experiments conducted in this investigation. In
all cases, the liquids were mixtures of water (W), glycerol (G) and Tri-ethanol amine (T);
percentages in the second column are by weight. Three experiments were performed using
Polydimethylsioxane, trimethylsiloxy silicon oil (SO). The type of trajectory for bubbles
before reaching the wall is shown on the first column: rectilinear (R) or oscillatory (O).
terminal conditions, bubbles rise freely either rectilinearly or in zig-zag motion.
The velocity field of the flow generated during the wall interaction is obtained using a
planar Particle Image Velocimetry system (PIV). The main components of the PIV system
are a Nd: YLF Litron laser (527 nm, 10 mJ / 507 Hz), the same high speed camera as the
one used for the bubble visualisation and a Dantec PIV software. Given the density of the
liquids studied, we used neutrally buoyant silver-coated glass spheres with average-diameter
of 10 µm as particle tracers. As depicted in Figure 2.1, the laser sheet illuminates the (x-y)
plane containing the bubble center and perpendicular to the inclined wall; the camera is
placed perpendicularly with respect to the laser sheet. In this way the path of the bubble
is recorded as well as the liquid flow generated by it. The velocity field was obtained by
processing adaptive-correlations area of 16 × 16 pixels with a 75 % overlap. Thus a total
of 402 × 294 vectors were generated from an area of 42 × 30mm2, equivalent to a spatial
resolution of 112 µm.
When using the PIV techniques in multiphase flow configurations, new difficulties appear.
First, as it is illustrated in Figure 2.3a, the laser plane reflects on the bubble interface. This
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Figure 2.2: (a) Map of terminal Reynolds, Reterm, and Weber, Weterm, numbers showing all
the experiments conducted in this investigation; (b) terminal Reynolds number, Reterm, as a
function of wall inclination angle, θ. The symbols are according to Table 2.1. In all cases, the
filled and empty symbols show the experiments in which sliding or bouncing was observed,
respectively.
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(a) (b)
Figure 2.3: Raw PIV image of the interaction of a 1.6 mm diameter bubble with a 65◦ inclined
wall in water. The present image is a zoom of the original PIV image. The area of both
images is the same. The image obtained (a) directly from the PIV technique and (b) with
the intensity filter are presented.
reflection alters significantly the image of the flow field around the bubble. The illumination
generated by the reflection on the bubble interface is higher than the illumination of the
particles in the liquid. Therefore, we used a filter for the light intensity to deal with this
limitation. Figure 2.3b shows the PIV images of Figure 2.3a corrected by the intensity filter.
Hence the particles present in the liquid are still reflecting the laser light but not the bubble
interface. High quality of particle images are then obtained considering the preprocessing of
the images. The resulting images are then used to calculate the velocity fields. A second
limitation of the PIV technique for the configuration considered here, resulted from the
presence of the wall. Because of molecular interactions, particles close to the wall are repelled.
As a consequence, the number of particle close to the wall was insufficient to generate precise
velocity fields. To overcome this problem, the number of particle was considerably increased.
The high speed camera visualisation technique was used in Chapters 4, 5, 6, 6 , 7 and 8;
whereas the PIV technique was used in Chapters 4, 5 and 8.




3.1 The JADIM code
3.1.1 Introduction
In the following paragraphs we present the numerical code JADIM, which was used in this
work. The code was used to simulate a few cases, which match the experimental conditions.
JADIM was initiated by Magnaudet and Rivero (Rivero (1991), Magnaudet et al. (1995)) and
is continuously developed at the Institut de Me´canique des Fluides de Toulouse. The code
solves Navier-Stokes equations for one-phase and two-phase flows configuration for unsteady
as well as steady flows in two or three dimensions. It also offers the possibility to simulate
the transport and diffusion of a passive scalar (temperature, concentration) or the dispersion
of particles. For two-phase flow configurations, the evolution of the interface separating two
or more phases can be simulated by a Lagrangian grid method thanks to an adaptive mesh
procedure or by an Eulerian grid method with a fix system of orthogonal curvilinear mesh.
In this work, the parallelized Level Set module of the JADIM code developed by Abadie (cf.
Abadie et al. (2015)) has been chosen to simulate numerically the collision of a bubble with an
inclined wall. Note that no new numerical method has been implemented to the JADIM code
in this work. The numerical works consisted in generating a non-uniform Cartesian mesh
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system that allowed to reproduce the steady motion of the bubble as well as the collision
process with the same dimensionless numbers as in the experimental conditions. As it will
be discussed in detail, results can be very sensitive to the grid refinement in the liquid film
formed between the bubble and the wall.
First we will briefly describe the main components of the algorithm used in the JADIM
code to simulate two-phase flows. Then, we will detail the methodology used to reproduce
the interaction and detail the mesh refinement and validation test steps. The first results
obtained in the case of the interaction of a bubble with an horizontal wall are presented in
the following chapter.
3.1.2 Numerical schemes in JADIM
Spatial discretization
JADIM code is based on a finite volume method for the spatial discretization of the equation.
This method consists in dividing the domain in elements of volume V delimited by closed
areas S. The Navier-Stokes system of equations considered is:




+ ρV .∇(V ) = −∇p +∇.τ + ρg (3.2)
with τ the viscous stress tensor, ∂ the partial derivative, ∇ the gradient operator, V the
velocity vector, ρ the density, p the pressure field and g the gravity. The Navier-Stokes
equations are integrated and discretized over each elementary volume. Volumic terms are
taken as constant inside each volume whereas flow terms are taken constant over each face of
the closed area S. This method has been chosen because of its good properties of conservation
of the equations.
Integration of mass and momentum conservation equations over each elementary volume, is
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H ij(ρVjVj − τjj)−Hji (ρVjVi − τij)dv
(3.4)
where ξi are the physical coordinates (homogeneous to distances) and H
i
j are the curvature
terms as defined by Legendre (1996). They represent the relative variation along the coor-
dinate ξj of the metric element calculated along the coordinate ξi, also known as curvature








−H ij Vj −Hji Vi + 2Hki Vk δij
]
(3.5)
In order to obtain directly the value of the flow terms and momentum at the edge of the
elementary volume without interpolating them, the staggered mesh technique is applied to
discretize the equations. With this method, developed by Harlow and Welch (1965), the
pressure and more generally all the scalars are defined at the center of the elementary vol-
ume whereas the velocity components are defined on two adjacent sides of the volume as
illustrated in Figure 3.1. As a consequence, for the non uniform Cartesian coordinate sys-
tem used in the present study, the volume of integration may be different for each variable.
The velocity points are located at the same distance of the two closest pressure points and
calculated according to a centered difference schemes. Thanks to this definition, Velocity
and pressure gradients as well as the derivatives in the tangential stress are interpolated
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Figure 3.1: Staggered-mesh configuration, with the elementary volume used for the variables
p, φ, and all the other scalars represented in red; the elementary volume used for the hor-
izontal velocity represented in thin black diagonal stripes; the elementary volume used for
the vertical velocity represented in large black diagonal stripes; All the data are then defined
considering the coordinates (i,j) of the elementary volume.
interpolated with 4 points so none flow direction is favored and the second order accuracy is
satisfied.
Without going into too much detail we illustrate the discretization method for the momen-
tum equation. We define Vp as the volume of integration of the scalars, represented by a red
contour in Figure 3.1 while Vu and Vv are the volume of integrations of the velocity com-
ponents for the momentum equations, represented respectively by broad and narrow stripes
in Figure 3.1. The discretized momentum equation for the U component of the velocity V
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Where the terms Au and Av refer to the value of the edge length in two dimensions (respec-
tively the area in three dimensions) at the considered point whose normal vector is respec-
tively aligned with axis i and j. The corresponding velocities are interpolated according to
the scheme detailed before. For a more detailed explanation of the discretization method,
we refer to Magnaudet et al. (1995), Calmet and Magnaudet (1997) and Rivero (1991).
Time advancement of the solution
To clarify the algorithm of resolution in time of the Navier-Stokes equations, we separate the
terms of equation (3.3) and equation (3.4) in two families. On one hand, we consider the
advection terms, curvilinear terms and the ∇.(j)ν ∂Vj
∂ξi
terms. They are solved explicitly by a
three time steps Runge-Kutta scheme. On the other hand, the viscous terms are calculated
semi-implicitly by a Crank-Nicholson scheme.
The three time steps Runge-Kutta method provides a third order temporal precision (∆t3)
and a stability conditions given by a CFL number (Courant Friedrichs Lewy) equal to
√
3
Canuto et al. (1988) for the advection terms. As for the semi-implicit Crank-Nicholson
scheme, it is characterised by an unconditional stability of the viscous terms as well as a
second order temporal precision (∆t2). Details of both temporal schemes can be found in
Calmet (1995). The Runge-Kutta/Crank-Nicholson scheme has been chosen because of its
high stability. In addition, this scheme allows to obtain a temporal precision of the second
order with a stability condition provided by the following CFL number:





Barbosa Christophe Page 17 of 161
Chapter 3. Numerical Code
k 1 2 3
∆k 8/15 ∆t 2/3 ∆t ∆t
αk = βk 4/15 1/15 1/6
γk 8/15 5/12 3/4
ξk 0 -17/60 -5/12
Table 3.1: Values of αk, βk, γk and ξk for the Runge-Kutta / Crank-Nicholson scheme used
in JADIM
Accordingly, the velocity fields obtained with the three consecutive time steps Runge-Kutta
/Crank-Nicholson scheme are calculated with the discrete equation:
V n,ki − V n,k−1i
∆t



















Where k = 1, 2, 3, V n,0i = V
n



















































Hji (VjVi − τij)dv
(3.10)
Calmet (1995) determined the value of the coefficients γk and ξk, in such a way that the
advection terms are achieved with a temporal precision of the third order at the time tn+1/2.
As well the same system of equations for tn+1/2 gives the value of the corresponding three
step time: t + 8/15δt, t + 2/3δt, t + δt. As for the coefficient αk and βk, they arise from
of the second order approximation condition of the viscous terms at the time tn+1/2 and
respecting the semi-implicit scheme of Crank-Nicholson. The coefficients obtained by solving
these system of equation are reported in the table 3.1.
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The velocity fields obtained at the end of the third step time V n,3i contains the whole vorticity
of the new velocity fields V n+1 but is not divergence free. In order to generate a velocity
field that satisfy the incompressibility assumption, the projection method is applied. Coming
from the possibility of writing the velocity as the sum of a rotational part and a potential
part, the projection method consists in writing the difference V n+1 − V n,3i as the gradient of
a potential function. This predictor velocity V n,3i is, hence, projected on the divergence free
sub-vector space through the introduction of the potential Φn+1, solution of the following
Poisson equation:
ρ
V n+1 − V n,3
∆t
= −∇Φn+1 (3.11)
Given the divergence free property of V n+1, the divergence of equation (3.11) provides











Following the resolution of the potential field Φn+1, we can deduce the final velocity field
V n+1i from equation (3.11). Finally the pressure field is obtained according to the condition
of second order time precision at time tn+1/2 which gives:
P n+1/2 = P n−1/2 + Φn+1 (3.13)
For the simulation of two-phase flows, the one fluid method detailed in the next section is
based on the use of a non-uniform density. As a consequence, the resolution of equation (3.12)
gets more complicated than for one phase flows. In particular, because the variations of ρ
are important from liquid to air, the corresponding time-dependent matrix becomes poorly
conditioned. Though a direct method based on the Cholesky algorithm can be used to solve
the Poisson equation in 2D, iterative methods are necessary for 3D configurations.
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3.1.3 Two phase flow system of equations
Navier-Stokes equations
The mass and momentum conservation equations are written in an absolute referential ac-
cording to an Eulerian description of the motion. The two fluids considered are Newtonian,
incompressible and no-miscible. The flow is isotherm, so the energy conservation equation is
not considered here. The conservative form of the mass and momentum equations in each
phase or fluid k is then given by:




+∇.(ρkVk Vk − τk) = Fk,ext −∇pk (3.15)
With the corresponding notations:
• Vk: the flow velocity,
• τk: the tensor of viscous stress,
• Fk,ext the density of external forces,
• pk: the pressure field,
• ρk: fluid density,
In this form, the equations are valid for any system of curvilinear orthogonal coordinates.
Boundary condition at the interface
Essential for the two-phase flows behavior, the corresponding conditions of conservation are
derived at the interface. We consider here a constant surface tension.
Considering that the two fluids are no miscible and that there is no mass transfer or phase
change at the interface, the mass conservation at the interface is given by the continuity of
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the velocity normal to the interface:
Vk.n =W.n (3.16)
whereW is the interface velocity and n is the normal to the interface. Considering F(x,t)=0
the equation of the interface location, the normal component of the interface velocity can be





+W.n = 0 (3.17)
where the normal of the interface is defined by n = ∇F/ || ∇F ||. Further conditions
are still needed to solve completely the motion of the interface in the case of a deformable
particle. They arise from the momentum balance at the interface, considering a uniform
surface tension σ. The tangential and normal stress forces are balanced respectively as :
t.(τ1 − τ2).n = 0 (3.18)
− p2 + p1 + n.[(τ2 − τ1).n] = σκ (3.19)
where κ = ∇.n is the mean curvature, t is the vector tangent to the interface and τk is the
stress tensor: τk = µk[∇Vk +∇TVk]
3.1.4 One fluid model
The aim of this model is to solve a single set of equations for the whole two-phase flow despite
the change of fluid properties on both sides of the interface. The one fluid system of equation




1 in phase 1
0 in phase 2
(3.20)
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The one fluid variables V, p, ρ, µ are defined as:
ρ = C ρ1 + (1− C) ρ2
µ = C µ1 + (1− C)µ2
(3.21)
Considering equations (3.14) and (3.15) for each phase, the equation satisfied by the one fluid
variables are in the absence of mass transfer at the interface:




+∇(ρV V ) = −∇P + ρg +∇.τ + Fσ,S (3.23)
where τ is the viscous stress tensor, g the gravity acceleration and Fσ,S the capillary contri-
bution of the interface (see details in section (3.1.5)). The interface motion is described by
the hyperbolic transport equation:
∂C
∂t
+ V .∇C = 0 (3.24)
A large number of methods to determine the location and motion of the interface at each step
time has been developed. The one that we use in this study is the level set method. We will
detail the corresponding algorithm and the advantages to use it in the next section. Basically,
when the level set method is applied, the volume fraction in cells close to the interface is
defined as an approximation of the Heavyside function of a signed distance function ϕ(x, t)
representing the normal distance from the point x to the interface at time t:
C = H(ϕ) =















if | ϕ | ≤ ǫ ,
1 if ϕ > ǫ ,
(3.25)
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where ǫ =
√
2∆x represents half the numerical thickness of the interface. Given the C field,
the equation (3.23) is spatially discretized and advanced in time according to the scheme
exposed before. We present in the following the level set method, and the calculation of the
capillary force Fσ,S.
3.1.5 The Level Set method
A large number of Eulerian methods have been developed to reproduce the motion of in-
terfaces in two-phase flows. They can be classified in two families: front tracking methods
and volume tracking methods. Among the volume tracking methods, the level set method
presents some advantages on the interface location determination and the associated forces
that led us to choose it for the present study. On one hand, the continuity of the Level Set
function predicts the location of the interface through a smooth transition from one fluid to
the other that makes it transport easier. Most of all, this method is the most interesting
for the present study because it conserves a constant thickness of the interface, so there is
no memory of the numerical thickness when the interface is moving toward a refined region
(The grid is here refined close to the wall). The level-Set method has been implemented in
JADIM by Abadie (2013).
The smooth transition between the two phases provides a good precision of the normal di-
rection and the curvature of the interface. For the liquid-gas system studied in this work,
the level-set function is positive in the liquid, negative in the gas and zero at the interface,




+d if x is in the liquid,
−d if x is in the gas,
0 if x is at the interface,
(3.26)
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where d represents the normal distance between the point x and the interface. The evolution
of this function is given by the advection equation:
∂ϕ
∂t
+ V.∇(ϕ) = 0 (3.27)
The time advancement of the function ϕ is achieved according to a third order Runge-Kutta
scheme while the advective term is discretized with a WENO5 scheme. The 0 level-set
contour (ϕ = 0) which corresponds with the interface location is well advected with this
method. However, the level-set function needs to be reinitialized after each time step in
order to stay as close as possible of a distance function. Initiated with the same 0 level-set




= sgn(ϕ)(1− | ∇ϕ |)) (3.28)
This reinitialization step has been proposed by Sussman et al. (1994) as a solution to the
problem of mass conservation. Finally, according to this new Level-Set function, the new
volume fraction (Cn+1) is given by the equation (3.25) and the density and viscosity field
(ρn+1 and µn+1) can be calculated with equation (3.21). Then the new pressure and velocity
fields can be calculated by solving equations (3.23). To solve the problem of mass loss
generated by the reinitialization step, the mass is corrected by comparing the bubble mass
between two time steps and reallocating it in the relevant isocontour around the interface
Abadie (2013).
3.1.6 The capillary force
According to the one-fluid formulation of the Navier-Stokes equations the expression for the
capillary force is given by:
Fσ,S = −σ (∇.n).nδI (3.29)
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where σ is the surface tension, n is the unit vector normal to the interface and δI is the
delta function of the interface location. The Continuum Surface Force model proposed by
Brackbill et al. (1992) transforms this expression into a volume force:










where the delta Dirac function is approximated by the derivative of the Heavyside function
(equation (3.25)): ∇C defined here as the mean volumic value of the gradient of the volume
fraction over the local cell. The term
∇ϕ
|| ∇ϕ || gives the normal direction and its flux integral
over the cell surface gives the curvature.
3.1.7 Sum up of the algorithm
To provide a global view of the algorithm of resolution of the one fluid system of equations
in JADIM, we summarize and order the different steps. Starting from the data of pressure,
velocity and volume fraction fields of the previous time step n or the initial condition, the
algorithm develops as:
1. Advection of the Level-Set function and determination of the new fields of Cn+1, ρn+1,
µn+1.
2. Determination of the intermediate values : Cn+1/2, ρn+1/2, µn+1/2.
3. Runge-Kutta / Crank Nicholson scheme for the determination of the rotational part of
the velocity field V n,3.
4. Calcul of the Capillary force F n+1σ,V .
5. Resolution of the Poisson equation which provide the new velocity and pression fields
V n+1, P n+1
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3.2 Numerical configurations
The purpose of the numerical part of this project is to simulate with JADIM the 2D in-
teraction between a bubble and an inclined wall in conditions similar to the experimental
conditions. For this purpose we designed a rectangular domain inside which a bubble is
introduced as shown in Figure 3.2. The bubble is initially at rest and is driven by the gravity
toward the upper limit of the domain, conditioned as a wall. The inclination of the wall is
implemented by the inclination of the gravity:
gx = −g sin(θ) , gy = −g cos(θ) (3.31)
where θ is the inclination angle. The left and right limits of the domain are periodic. In
this way, the dimensions of the domain can be maintained constant for the whole range of
inclination angle considered (0◦ ≤ θ ≤ 85◦). Two types of simulations were generated during
the numerical study. First, the initial distance between the bubble and the upper wall, y0, is
chosen to ensure that the bubble achieves its terminal velocity before it collides with the wall.
Considering that both the liquid and the bubble are initially at rest, the terminal conditions
of the bubble are entirely governed by the physical parameters of the liquid, the bubble and
the interface. For the second case, the bubble was initially located close to the wall.
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When a bubble gets close to a wall a liquid film forms between the bubble and the wall
and velocity gradients appear in the liquid film. Considering this flow characteristics, a non
uniform mesh is generated in the rectangular domain in order to accurately mesh the lu-
brication film that forms between the bubble and the wall. The flow being parallel to the
wall in this region, the vertical dimension of the meshes should decrease strongly close to
the wall whereas the horizontal dimension of the meshes can be maintained constant in the
whole domain. In addition, a significant number of cell meshes is needed along the interface
in order to optimize the precision of the surface tension effects and shape evolution. As a
consequence, the size of the meshes should be sufficiently small to reproduce all the momen-
tum and energy transfers but large enough so that the time of simulation do not become
extremely large.
Considering a constant horizontal size of the meshes, the vertical size of the meshes is con-
structed. First, a geometric progression is chosen in order to progressively refine the grid
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close to the wall:
(∆y)j = k (∆y)j−1 (3.32)
where ∆yj is the vertical grid spacing of the j
th mesh counted vertically from the wall to
the bottom of the domain. The geometric coefficient k is the same for all the cases. This
relation is valid until the distance between the wall and the point yj becomes larger than one
diameter. Then the vertical size of the meshes is kept constant for the rest of the domain.
The different characteristics of the meshes considered in this study are reported in table 3.2.
Mesh Symbol ∆ywall(mm) ∆yfar ∆x Ncells ∆t (s) Nstep (0.5sec) Tsimulation (days)
8 • 1.0 10−5 2.77 10−4 2.77 10−4 218 × 598 1.9 10−7 2, 577, 319 74
7 • 1.5 10−5 2.81 10−4 2.81 10−4 214 × 554 3.6 10−7 1, 396, 648 41
6 • 2.0 10−5 2.84 10−4 2.84 10−4 212 × 522 5.6 10−7 892, 860 26
5 • 2.5 10−5 2.92 10−4 2.92 10−4 206 × 496 7.7 10−7 651, 041 13
4 • 3.0 10−5 2.99 10−4 2.99 10−4 204 × 474 1.0 10−6 500, 000 9
3 • 3.3 10−5 3.00 10−4 3.00 10−4 200 × 464 1.2 10−6 423, 728 7
2 • 6.7 10−5 2.64 10−4 2.64 10−4 228 × 442 3.3 10−6 149, 700 5
1 • 9.9 10−5 3.01 10−4 3.01 10−4 198 × 376 1.0 10−5 50, 000 1
Table 3.2: Characteristics of the different 2D meshes tested for the interaction of a bubble
with an horizontal wall: ∆ywall is the vertical grid spacing of the mesh close to the wall, ∆yfar
is the vertical dimension of the meshes located at a distance larger than one bubble diameter
from the wall, ∆x is the horizontal dimension of the meshes, Nx × Ny is the total number
of cells, ∆t is the time step of the simulation, Nstep the number of time steps necessary to
simulate 0.5 seconds, Tsimulation the corresponding time of simulation. The simulation were
run on the MIZTLI supercomputer of the UNAM ( 118 TFlop/s, 5.312 cores of Intel E5-2670,
16 NVIDIA cards m2090 and 15.000 Gbytes of RAM) with the optimal number of cores.
3.3.2 Mesh comparison
To compare the different meshes (i.e. the different grid refinements close to the wall), the
interaction of the bubble with the horizontal wall as presented in Figure (3.2) is simulated
using the 8 meshes of Table 3.2 and considering the following parameters in Table 3.3:
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Lx × Ly ρl µl ρg µg σ Deq g Mo Bo
m2 kg/m3 Pa.s kg/m3 Pa.s N/m mm m.s−2
0.06× 0.1 1000 0.025 10 0.00025 3.44 20 9.81 10−10 1.14
Table 3.3: Physical properties for the numerical simulations conducted for the mesh study for
the bubble horizontal wall interaction. The subscript l refers to the liquid properties while
the subscript g refers to the bubble properties.
Mo is the Morton number (Mo =
g µ4l
ρl σ3






Accordingly, it should approximately correspond to the behavior of experimental conditions
E9 of Table 2.1 for a 2.9 mm diameter bubble rising in water glycerol mixture of 90-10 % in
mass that corresponds to the Morton number Mo = 5.09 × 10−11 and to the Bond number
Bo = 0.9225.
The effects of the mesh-refinement on the time evolution of the position and vertical ve-
locity of the bubble are presented in Figure (3.3). Although the terminal conditions achieved
by the bubble before colliding is the same for all the mesh systems, a complete different
behavior is observed for Mesh 1-2 and the other meshes. The amplitude of the first bounce is
much smaller and the temporal velocity evolution changes drastically at t = 0.24 s. To clarify
this specific behavior, the shape of the bubble for four characteristic times of the collision
process is presented in Figure (3.4) for Mesh 1, Mesh 3 and Mesh 6:
• t1: when the bubble achieves its terminal condition
• t2: when the distance between the bubble and the wall is minimum
• t3: when the tale of the bubble start to leave the wall
• t4: when the distance between the bubble and the wall is maximum
As expected, the shape of the bubble during the free rise of the bubble (t1 and the first part
of the collision (t2) is exactly the same for all the meshes. However we can see for time t3
and t4 that the bubble coalesces with the wall for the coarser mesh. In fact, the size of the
meshes close to the wall is too large to capture the lubrication film formation and drainage.
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Figure 3.3: Time evolution of the position (a) and vertical velocity (b) of a 2D 20 mm diameter
bubble in conditions similar to experiment E9 in table 2.1 colliding with an horizontal wall.
The figure is color-coded according to the corresponding mesh system used as detailed in
Table 3.2. The data plotted are color coded according to the mesh used: • ∆ywall(mm) =
9.9 × 10−5, • ∆ywall(mm) = 6.7 × 10−5, • ∆ywall(mm) = 3.3 × 10−5, • ∆ywall(mm) = 3.0 ×
10−5, • ∆ywall(mm) = 2.5 × 10−5, • ∆ywall(mm) = 2.0 × 10−5, • ∆ywall(mm) = 1.5 × 10−5
and • ∆ywall(mm) = 1.0 × 10−5
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On the other hand, different behaviors between Mesh 3-4 and the others can also be
identified even if the differences are less significant. The dynamics of the bubble during the
first bounce (t = 0.2−0.34 s) can be considered similar, but from the beginning of the second
collision the bubble behaviors are different. Figure 3.4 clearly shows that the evolutions
obtained with Mesh 3 and 6 are very close, demonstrating a good grid convergence.
Finally, in order to limit the time of the simulation, the Mesh 3 (∆ywall = 3.33 × 10−5
mm) has been chosen for all the simulations reported in this work. Typically, the time of
simulation necessary to describe a complete bubble wall interaction would be definitively
too large (104 days for Mesh 3 against 164 days for Mesh 6 for 2 seconds of simulations).
Furthermore, the grid convergence obtained with Mesh 3 appears to be satisfactory for the
purpose of the study (steady state and collision).
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Figure 3.4: Map of the volume fraction C(x˜, t) of a 2D bubble rising in conditions similar to
experiments E9 and interacting with an horizontal wall is shown at characteristic times t1,
t2, t3 and t4 (from top to bottom respectively). From left to right, results corresponding to
Mesh 1,2 and 3 respectively are reported. The Map is color coded such that the red color
corresponds to the bubble and the blue color to the liquid. Each image is plotted vertically
and horizontally as a function of the position in mm.
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3.4 Conclusion
The JADIM code used in this work has been introduced. The level set method will be used
for the simulation of a 2D bubble impact on the wall. We have conducted a grid convergence
study in order to select the best mesh for the simulation. The corresponding results are
discussed in Chapter 8.
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Two types of steady bubble-wall
interactions
4.1 Terminal conditions
In the present study, bubbles reach their terminal conditions before colliding with the inclined
wall. Important information such as liquid contamination, bubble shape and wake structure
can be deduced from the terminal conditions of the bubble. Such information is important
since it affects the steady motion of the bubble.
The free rise of bubbles in the experimental conditions of Table 2.1 are observed with the
experimental apparatus of Figure 2.1, without the presence of the upper wall. The terminal
Reynolds and Bond numbers ranged from 140 to 1000 and from 0.3 to 2.5, respectively.
Considering Clift et al. (1978) map, this dimensionless numbers correspond to ellipsoidal and
wobbling bubbles. Images of typical shapes of free rising bubbles are shown in Figure 4.1.
Considering the range of equivalent diameters used, 1 ≤ Deq ≤ 3 mm, rectilinear path as well
as zig-zag and helical paths were observed. Legendre et al. (2012) proposed an expression
for the evolution of the aspect ratio of bubbles rising freely in liquid at rest considering large
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(a) E1 (b) E10 (c) E11
Figure 4.1: Images of typical shape of free rising bubbles, respectively an almost spherical
bubble, an ellipsoidal bubble and a wobbling bubble. The subcaption numbers refer to
the corresponding experimental conditions of Table 2.1 (a) Experiment 1: Reterm = 144,
Weterm = 1.8, χterm = 1.31 and Deq = 1.1 mm; (b) Experiment 10: Reterm = 614, Weterm =
2.9, χterm = 1.78 and Deq = 1.6 mm, (c) Experiment 11: Reterm = 950, Weterm = 3.6,
χterm = 1.93 and Deq = 3.1 mm. Images are shown at the same scale.







with K(Mo) = 0.2Mo1/10. The experimental aspect ratio of the bubbles in this study
are calculated from the Legendre polynomial expansion. As illustrated in Chapter 2, in a
spherical coordinate system where the origin coincides with the bubble center, the Legendre
polynomial expansion of the interface location is calculated. From the radial position expres-
sion, considering the largest bubble axis as the major axis and the minor axis as the axis
orthogonal to it, the aspect ratio is calculated. The evolution of the terminal aspect ratio
with the terminal Weber number for the entire range of experimental conditions considered
in this investigation is presented in Figure 4.2. The prediction of equation (4.1) is plotted
for Morton numbers 5× 10−9, 1× 10−9 and 2× 10−11 in blue line, cyan line and orange line
respectively. The original expression proposed by Moore (1965) is plotted with a black line:
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Figure 4.2: Map of terminal Weber numbers, Weterm, and aspect ratio, χterm, corresponding
to the experimental conditions of Table 2.1 and plotted with the corresponding symbol codes.
The continuous lines correspond to equation (4.1) plotted without the Morton term, with
Mo = 0, Mo = 5× 10−9, Mo = 1× 10−9 and Mo = 2× 10−11 in red, orange, cyan and blue
lines respectively. The theoretical evolution of the aspect ratio proposed by Moore (1965) is
plotted in black line.
A similar evolution of the aspect ratio with the Morton number is observed between experi-
mental data and the correlation of Legendre et al. (2012). However for large values of Morton
number, expression (4.1) overestimates the experimental values. Two interpretations are pro-
posed for this observation. For low Weterm numbers, E5 corresponds to a Ethylen-glycol and
water mix that are, as we will see later, strongly contaminated. Therefore, the bubble inter-
face may stiffen and the bubble would tend to retain a spherical shape. In other words, a
smaller aspect ratio is obtained for some values corresponding to a more contaminated liquid.
No special care was taken to eliminate completely the presence of impurities in the liquids
used, so the terminal conditions may be affected by this effect. To limit this phenomenon,
the liquid was replaced by a new one as soon as a significant change of the terminal shape of
the bubble was detected. As a result, the contamination of the liquid may vary not only from
one experimental condition to another but also within the same experimental conditions.
For large values of Weterm, for E3, E9 and E11, wobbling bubbles are generated. A large
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Figure 4.3: Map of terminal drag coefficient, Cdterm, and terminal Reynolds number, Reterm,
calculated from equation (4.3) for the experimental conditions of Table 2.1 and plotted accord-
ing to the corresponding symbol codes. The green red and black continuous lines correspond
to Moore (1965), Maxworthy et al. (1996) and Schiller and Naumann (1933) expressions
respectively. For the green line an aspect ratio of 1 is taken in the corresponding drag co-
efficient expression proposed by Moore (1965). The drag coefficient evolution, taking into
account the shape evolution of the bubble given by Moore (1965) is shown in blue line for
Mo = 5× 10−9.
deformation is observed for these bubbles, in all the directions, and as a consequence an
extended range of aspect ratio is measured. The area of observation was indeed too small to
measure precisely the mean values of aspect ratio and terminal velocity that evolved contin-
uously.
The combined effects of the bubble deformation and the presence of impurities on the bubble
dynamics complicates the interpretation of the results. Both effects can be identified more
clearly through the analysis of the terminal drag coefficient. The experimental steady drag
coefficient is inferred indirectly from the balance between the buoyancy force and the drag







Based on the boundary layer theory, Moore (1965) proposed an expression of the drag
coefficient that accounts for the bubble shape evolution. With this expression, the increase of
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the drag coefficient as the bubble shape and accordingly the flow regime around the bubble
evolves when the Reynolds number increases is reproduced. The corresponding drag coeffi-
cient prediction is shown in Figure 4.3 for the Morton number associated to the silicon oil.
The analytical results of Moore (1965) corresponding to a bubble with a spherical shape
(χterm = 1) for the whole range of Reynolds number is plotted with the green line. Experi-
mental data that deviation from this curve are provoked by either the interface contamination
or the bubble distortion. Hence if the bubble is deformed its drag coefficient should deviate
from the green line in agreement with the evolution of the blue line. As for the effect of
the contamination of the interface, the drag coefficient given by the Schiller and Naumann
(1933), obtained for a solid spherical particle is considered. Indeed, the no-slip boundary
conditions of a solid particle is also generated for completely contaminated bubbles. Max-
worthy et al. (1996) explored experimentally the evolution of the drag coefficient of bubbles
rising in clean viscous liquids for a large range of Morton numbers. They proposed an empiric
expression for the drag coefficient for bubbles with the maximum aspect ratio (χterm ≈ 1.1)
that reproduces the same result as spherical bubbles. In other words, it corresponds to the
lower limit of the drag coefficient of a bubble poorly contaminated at high Reynolds numbers.
The correlation from Maxworthy et al. (1996) and Schiller and Naumann (1933) are then
associated to nearly spherical bubbles respectively clean and completely contaminated. To
evaluate the possible contamination of the bubble interface, the red and black lines in Figure
4.3 are then considered. These data will be examined in detail later.
Considering the terminal conditions of all the experiments, four categories of terminal behav-
iors are observed. First, experiments E1 and E2 are classified in the category of clean bubble
whereas E3 generates deformed bubbles. As for experiments E5, E9 and E11 whose drag
coefficient is aligned with the Schiller and Naumann (1933) correlation, they are considered
as completely contaminated. Finally, the remaining experiments, that are located between
the Maxworthy et al. (1996) and Schiller and Naumann (1933) relations are considered both
deformed and contaminated.
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(a) Sliding motion: θ = 50◦
(b) Bouncing motion: θ = 60◦
Figure 4.4: Bubble motion for the two typical steady wall behaviors. In both cases Deq = 1.6
mm, Reterm = 500 and Weterm = 2.3, corresponding to experiment E7 conditions, from
Table 2.1. The image is composed by superposing bubble positions at different instants with
∆t = 5 ms. For both cases, the image was rotated to make the wall appears horizontal.
4.2 Bouncing and sliding bubbles dynamics
As reported by Tsao and Koch (1997), a change of bubble motion occurs as the inclination
angle increases, in other words as the wall gets closer to the vertical alignment. The two
types of bubble-wall interactions of an ellipsoidal bubble in the E3 conditions (see table 2.1
on page 10) are shown for inclination angles of 50◦ and 60◦. For low inclination angles, Figure
4.4a, the bubble collides with the wall, observes a few bounces with a decreasing amplitude
until it slides against the wall with a constant velocity. For inclination angles higher than
the transition angle, θtrans in Table 2.1, the motion of the bubble changes drastically, Figure
4.4b. The bouncing amplitude and period stabilize on constant non zero values with which
the bubble bounces repeatedly all along the range of dimensions of the experiments (L ∼ 30
cm). This transition was observed for the whole range of experimental conditions but with
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a variant critical angle, as reported in Table 2.1. Tsao and Koch (1997) associated this
transition to a critical tangential Weber number which means that the transition is influenced
by the bubble deformation. However they only considered water and two bubble diameters
in their study so the extent of the experimental parameters was narrow.
The bubble magnitude, tangential and normal velocity evolution with time is shown in Figure
4.5a, 4.5b and 4.5c respectively for the sliding and bouncing motion presented in Figure 4.4a
and 4.4b. The time t=0 is defined as the moment when the normal velocity vanishes. Both
velocity and time are plotted in dimensionless form considering Vterm and Deq/Vterm. In
agreement with Zenit and Legendre (2009), the collision of the bubble with the wall can
be decomposed in successive phases. For t∗ ≤ 1.5, the magnitude velocity of the bubble
is constant because the wall has not yet affected the bubble motion. Then as the bubble
gets close to the wall, both normal and tangential velocity decrease. Zenit and Legendre
(2009) provided a detailed description of the velocity evolution of ellipsoidal bubble rising
in rectilinear path interacting with a horizontal wall. The normal velocity evolution is the
same for both inclination angles. Instead, no study has been conducted for the tangential
velocity evolution of an ellipsoidal bubble interacting with a wall. A detailed analysis of
both tangential and normal velocity of the bubble during the collision with the inclined wall
is presented in Chapter 7. Following the impact phase, for t∗ ≥ 1.2, the bubble is ejected
and starts to bounce on the wall. From that time and until the end of the bounce, the wall
effects on the bubble consist in the initial impulse transmitted to the bubble and the shape
oscillation of the bubble. Out of this two effects, the bubble motion is the result of the
balance between the buoyancy force, the drag force and the lift force. Once this transient
process is completed, for about t∗ ≥ 10, the bubble motion reaches its new time-average
steady state but according to the same scheme.
Clearly the inclination angle of the wall changes the bubble motion. Considering the
uniqueness of the transition angle for a given experimental condition, the evolution of bubble
paths for different inclination angles is shown in Figure 4.6a and 4.6b for experiments E10
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Figure 4.5: Evolution of the normalized magnitude (a) |V |/Vterm, (b) tangential Vwall/Vterm
and normal (c) Vnorm/Vterm velocities, as a function of the normalized time tVterm/Deq, for
the experiments shown in Figure 4.4a and Figure 4.4b represented respectively by full and
empty symbols.
.
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Figure 4.6: Evolution of the normalized bubble centroid-wall distance, h/Deq, as a function
of the normalized time, tVterm/Deq, for (a) E10 and (b) E4. For both cases, the motion is
colour and symbol-coded with respect to the corresponding inclination angle: θ = 15◦(♦),
θ = 30◦(▽), θ = 45◦(), θ = 60◦(◦), θ = 75◦(△)
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Figure 4.7: Composed bouncing bubble motion. The associated physical parameters are
Deq = 1.7mm, Reterm = 510, Weterm = 2.3 and the inclination angle of the wall is 80
◦.
and E4 respectively (see Table 2.1, on page 10). The evolution of the normalized distance
between the wall and the bubble center, h/Deq, is plotted as a function of the normalized
time, tVterm/Deq. For both liquids, the bubble trajectories are colour-coded according to
the inclination angle: 15◦ (♦), 30◦(▽), 45◦(), 60◦(©) and 75◦(△). Based on the initial
time t∗ = 0, as defined previously, the mean temporal evolution of distance between the wall
and the bubble centroid of each experiments is calculated. For the two liquids considered,
different transition angles were observed as reported in Table 2.1. Because of the complex
evolution of the normal and tangential components of the drag, lift and buoyancy forces on
one hand, and the normal and tangential coefficient of restitutions on the other hand we do
not observe a monotonic increase of the amplitude and period with the inclination angle. But
a global decrease of the amplitude and period of the bounce is observed for experiment E4
which emphasize the inertial nature of the interaction. As a consequence a higher inclination
angle is necessary to observe the transition of steady-wall motion (65◦ for E4 and 55◦ for
E10).
If a certain inertia is achieved by the bubble after the first collision, as the 75◦ case
in Figure 4.6a, a different bubble bouncing behavior is observed. Comparing with the 60◦
path of the bubble in experiment E10, an external force drives the bubble off the wall at
time t∗ = 6 instead of describing a regular bounce. De Vries et al. (2002) associated this
peculiar behavior to the change of the wake structure as the bubble impact the wall. When
the bubble inertia is high enough after the collision, the wake restructure into a vortex blob
whose velocity field generate a force strong enough to change the bubble path. We will refer
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to this bubble path as composed bouncing motion. An example of this case is reported in
Figure 4.7, where the interaction of a 1.7 mm diameter bubble with a 70◦ inclined wall is
represented. Though particularly interesting, this behavior was not studied in detail in this
thesis.
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and the approximate position and shape of a bubble rising in liquid 1 with Reterm = 603 and
Weterm = 2.87 are shown for an inclination angle of θ = 50
◦ . The corresponding time are




Numerous authors have studied the influence of the wake velocity field, present along the
bubble path, on the bubble shape and dynamics evolutions. Regarding free rising ellipsoidal
bubbles, Ellingsen and Risso (2001) considered the onset of the transition between plane zig-
zag path and helical path. This transition was indeed related to the wake structure evolution.
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Vortices are generated at the rear of the bubble which develop along the bubble wake. These
vortices produce a hydrodynamic force that is responsible for the bubble zig-zag and helical
motion. Using the Schlieren technique, De Vries et al. (2002) visualized the double-threaded
structure of the wake, composed of two counter rotating vortices. Hence, using an indirect
approach De Vries et al. (2002) proposed an evaluation of this wake induced lift force. This
expression was then introduced in a simple model of force balance that reproduced the dif-
ferent trajectories observed experimentally for a bubble interacting with a vertical wall.
In this section we study the wake structure, using the PIV technique, for the sliding and
bouncing regimes of motion. For this purpose, the dimensionless vorticity field, ω∗ =
ωDeq/Vterm, around a 1.7 mm diameter bubble in water interacting with an inclined wall
is shown before, θ = 50◦, and after, θ = 55◦, the transition in Figure 4.8 and Figure 4.9,
respectively. For both figures the time evolution of the vorticity field is shown using different
time steps. Due to the problem of laser reflection on the bubble interface as detailed in Chap-
ter 2, the bubble shapes and positions reported here are only approximations of the actual
interface location. Similarly the distance between the wall and the bubble is smaller than
the spatial resolution of the technique, the results obtained provide a qualitative information
of the wake structure evolution.
As the bubble rises freely, an asymmetric wake is generated following its zig-zag path.
Two opposite vortices are generated from the bubble rear which expand along the bubble
wake. Each time the bubble path changes its direction, a vortex is generated, see Figure 4.9c.
Then, as the bubble impacts the wall, the vorticity present close to the bubble rear deforms
asymmetrically. Progressively, the positive vorticity expands against the wall and intensify
while the negative vorticity aligns with the wall direction but on the opposite side of the
bubble and dissipates strongly. This vorticity configuration results from the combined effects
of the strong bubble deceleration and the wake inertia. According to De Vries et al. (2002)
as the bubble wake restructures into a vortex blob, the velocity field generated acts on the
bubble. Hence, a strong bubble-wake interaction characterises the start of the bubble bounce.
Barbosa Christophe Page 46 of 161
Chapter 4. Two types of steady bubble-wall interactions
However, unlike De Vries et al. (2002), we observe here that the bubble wake does not detach
from the rear of the bubble as soon as the bounce begins but during the bounce, see Figure
4.9e, or long after the first bubble-wall interaction, see Figure 4.8g. For the bouncing motion
case, θ = 55◦, this phenomenon is periodically reproduced each time the bubble bounces.
The lifetime of this vortex blobs structures is significant. Therefore, considering a bubbly
flow, the motion of the near-wall bubbles is very likely to be affected by the wake flow and
the presence of these vortex blobs. Together with the larger wake inertia, the multiple vortex
blobs production is the main difference between the bouncing and the sliding regimes of
motion.
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(a) t∗ = −13.79
 
 






















































































































































(l) t∗ = 114.26
Figure 4.9: The temporal evolution of the dimensionless vorticity field, defined as ω∗ = ωDeq
Uterm
as well as the approximate position and shape of a 1.6 mm diameter bubble in water is shown
for an inclination angle of θ = 55◦. The corresponding times are also reported in the top left
corner of each map in terms of t∗ = tUterm
Deq
.
Barbosa Christophe Page 48 of 161
Chapter 4. Two types of steady bubble-wall interactions
4.4 Conclusion
The sliding and bouncing motion of a bubble interacting with an inclined wall have been
introduced. PIV experiments were used to visualize vortex production in the bubble wake
and the main differences between the two regimes were discussed. In the next chapter, the
transition between the sliding and the bouncing is discussed.
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Chapter 5
On the conditions for the
sliding-bouncing transition for the
interaction of a bubble with an
inclined wall
In this chapter the condition of transition between the sliding and bouncing motions for a
bubble interacting with an inclined wall is studied experimentally. The results of this chapter
are presented in the same way as the paper that has been published in the Physical Review
Fluids (Phys. Rev. Fluids 1, 032201(R), published 12 July 2016).
5.1 Abstract
In this study, we analyze the interaction of a single rising bubble with an inclined wall. We
conduct experiments considering different liquids and bubble sizes, to cover a wide range of
Reynolds and Weber numbers, with wall angles from nearly horizontal to nearly vertical. For
all cases, the bubble initially collides with the wall; after the initial interaction, in accordance
with Tsao and Koch (1997), the bubble either steadily slides on the wall or ascends colliding
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repeatedly with it. Considering a force balance for the bubble motion on the wall, we propose
a set of conditions for the transition from sliding to bouncing which is validated with the
present and previous data.
5.2 Introduction
The study of two phase bubbly flows is largely justified by the numerous engineering appli-
cations and natural phenomena in which such flows occur. Significant advances have been
reached in recent years due to the mature understanding of the hydrodynamic forces that
affect the motion of single bubbles ascending in Newtonian liquids (Magnaudet and Eames,
2000). There is a clear understanding of the effects of viscous and inertial forces around
interacting bubbles(Hallez and Legendre, 2011). Conversely, despite their ever-presence, the
understanding of wall effects is still modest.
The interaction of ascending bubbles with vertical walls has been studied by several
authorsTakemura and Magnaudet (2003); De Vries et al. (2002); Moctezuma et al. (2005);
Figueroa-Espinoza et al. (2008). Similar to the case of bubble pair interactionsLegendre et al.
(2003), the force between the bubble and the wall transitions from repulsive to attractive as
the Reynolds number increases Takemura and Magnaudet (2003). When the wall attracts the
bubble, it is possible to observe repeated bouncing De Vries et al. (2002); Moctezuma et al.
(2005). According to De Vries et al. (2002) the bounce and rebound are affected by the wake
behind the bubble. The process of bubble bouncing against a horizontal wall was analyzed
in detail by Zenit and Legendre Zenit and Legendre (2009); they identified the conditions
for rebound, as opposed to arrest, considering the dependence of the coefficient of restitution
with the Stokes and capillary numbers. For the interaction of a bubble with an inclined wall,
an interesting phenomena occurs: the motion of the bubble can either be repeated bouncing
(as for a vertical wall) or steady sliding. The same bubble-fluid combination can exhibit the
two behaviors; the type of motion observed is determined by the inclination of the wall. Tsao
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and Koch Tsao and Koch (1997) originally reported this phenomenon. They proposed the
transition occurred for a single value of the Weber number, but did not explain the physical
process for the transition fully.
The sliding motion of bubbles on inclined walls has been studied to some extent. Aussil-
lous and Que´re´ (2002) proposed scalings for the wall velocity, considering different regimes of
bubble deformation; however, they restricted their analysis for nearly horizontal walls. The
bouncing motion of bubbles on a wall has been addressed mainly for the case when the wall
is vertical. De Vries et al. (2002) conducted flow visualization of the process and concluded
that the bubble wake significantly influences the rebound off the wall.
In the present study, we investigate experimentally the motion of high Reynolds and
moderate Weber number bubbles interacting with an inclined wall, closely following the
original investigation by Tsao and Koch (1997). Unlike them, we substantially extend the
range of parameters by considering different fluids (with different viscosities, densities and
surface tensions) and bubble sizes. Based on this wider perspective, we are able better
characterize the phenomena and explain the physical mechanism that leads to the transition
from sliding to bouncing.
5.3 The physical conditions for the transition from slid-
ing to collisional modes
Clearly, from the data shown in Table 2.1 and in Fig.2.2, the critical angle for the transition
varies for each liquid-bubble combination. The angles do not seem to correlate with either
Reterm or Weterm. Tsao and Koch (1997) reported that the transition occurred for Wewall =
0.4, which implies that the transition is a result of the deformability of the bubble. Figure
5.1 shows a map of Rewall as a function of Wewall for all the experiments conducted in
this investigation. Clearly, a single value of either Rewall or Wewall that characterizes the
transition for all cases cannot be identified. Also from Table 2.1 and Fig.2.2, the transition
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Figure 5.1: Map of wall Reynolds, Rewall, and Weber, Wewall, numbers showing all the
experiments conducted in this investigation. The symbols are according to Table 2.1. In all
cases, the filled and empty symbols show the experiments in which sliding or bouncing was
observed, respectively. The black squares, (), show the data from Tsao and Koch (1997);
the (∗) and (×) symbols are results from Takemura and Magnaudet (2003) and De Vries
et al. (2002), respectively.
does not occur for a single value of θtrans.
Note that, it is possible to also include the data corresponding to the transition to bounc-
ing regime for vertical walls. Takemura and Magnaudet (2003) argued that the transition
from wall-repulsion to wall-attraction was associated with the prevalence of inertial over vis-
cous effects; hence, for such a case the transition would be characterized by a critical value
of Re rather than We. The critical conditions from Takemura and Magnaudet (2003) and
De Vries et al. (2002) are also shown in the figure.
5.3.1 Analysis
To understand the conditions for transition we consider a simple force balance for the bubble
motion, in both parallel and perpendicular directions. From above, we recognize that both
Rewall and Wewall are important parameters to characterize the transition. In particular, the
value ofWewall will determine the shape of the bubbles during their interaction with the wall
Legendre et al. (2012).
To evaluate the influence of Wewall on the bubble shape, we shown typical bubble shapes
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(a) E1,  (b) E10, •
(c) E9,  (d) E11, ⋆
Figure 5.2: Images for all bubbles in the sliding motion, at an angle just below the transition.
The symbols are according to Table 2.1. (a) Exp.1, Rewall = 106, Wewall = 1.07, θ = 75
o;
(b) Exp. 7, Rewall = 311, Wewall = 0.71, θ = 50
o; (c) Exp. 10, Rewall = 522, Wewall = 1.57,
θ = 40o; (d) Exp. 8, Rewall = 627, Wewall = 1.63, θ = 40
o. Images are shown on the same
scale.
for the sliding regime, at angles slightly below θtrans. Figure 5.2 shows snapshots of four
experiments. In (a) and (b), the bubbles have Wewall < 1.1, for which the shape is close
to spherical and the elongation is parallel to the wall resulting from gravity effects. The
images (c) and (d), in the same figure, for which Wewall > 1.5 show bubbles that are largely
deformed. It is curious to observe that, for this case the bubbles are elongated in the direction
perpendicular to the wall, arguably resulting from inertial effects.
Let us now consider a force balance for a bubble both in the parallel and perpendicular
directions. We first recognize that there is a gravitational force pushing the bubble to remain
in contact with the wall. Second, we consider that there are viscous and/or inertial drag forces
in the parallel wall direction. More importantly, we also argue that there is an inertial wall-
repulsive force acting in the normal direction that results from the interaction of the bubble
wake with the wall similar to what was previously discussed by De Vries et al. (2002). By
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conducting a Schlieren-type visualization, these authors were able to observe the interaction
between the bubble and vortex blobs from the wake. They argued that the interaction gave
rise to a lift-type force that depended on the strength of the circulation of the vortex filament.
They proposed that such force was proportional to ρV 2wallD
2
eq. In our case, the force pushing
the bubble away from the wall also results from both the vorticity in the wake (proportional
to Vwall/Deq) but also on the proximity of the wall. The wall provides the symmetry breaking
mechanism and vorticity interaction is known to result in a repulsive effect(Legendre et al.,




Hence, balancing gravity with an inertial wake-induced wall force for the perpendicular





eqg cos θ. (5.1)
For the motion in the direction parallel to the wall, we can balance the buoyancy with a
viscous drag force:
µDeqVwall ∼ ρD3eqg sin θ. (5.2)
Taking the ratio of Eqns.(5.1) and (5.2), we have:
Rewall & cot θ. (5.3)
Therefore, we can say that when the wall Reynolds number angle surpasses a certain critical
value, the bubble will not be able to remain sliding on the wall beyond the angle θ. This
critical condition is expected to apply for spheroidal bubble for which the drag force is
dominated by viscous effect Moore (1965). In Fig. 5.3, we replot our results separating the
data in two different sets. In Fig. 5.3(a), the results corresponding to We < 1.2 are shown
in terms of Rewall as as function of cot θ as suggested by Eqn.(5.3). The data clearly shows
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that there is, indeed, a linear relation between Rewall and cot θ for the critical conditions.
For the transition, our data can be closely fitted to
Rewall = Re0 + 310 cot θ (5.4)
where Re0 ≈ 80. In fact, the value of Re0 coincides with the transition data for vertical walls
from De Vries et al. (2002) and Takemura and Magnaudet (2003). The transition conditions
reported by Tsao and Koch (1997) (black squares) are also in consistent agreement with
Eqn.(5.4).
For bubbles with large values ofWewall, hereWewall > 1.5, we observed that the transition
is not given by Eqn.(5.3). For such cases the bubbles are more deformed, as shown in Fig.5.2
(c) and (d). We conducted visualization experiments of the wake structure for this case.
Figure 4.8g shows the flow around a sliding bubble for experiment E10 (see Table 2.1), for an
angle slightly below the critical one (θ = 50o). Significant vortex shedding in the bubble wake
is clearly observed; hence, in this case, the resulting drag would be dominated by inertial
effects. Therefore, the force balance parallel to the wall is now:
ρV 2wallD
2
eq ∼ ρD3eqg sin θ. (5.5)
The ratio of Eqns.(5.1) and (5.5) suggests that, for the transition cot θ should be constant.
Figure 5.3(b) shows, again, Rewall as a function of cot θ but only for experiments with
Wewall > 1.5. The transition is now clearly observed for a constant angle around cot θ ≈ 1,
corresponding to a value of θ ≈ π/4. These data cover a significant range of Rewall (from
200 to 600).
It is important to note that the strength of the wake-induced lift and the drag force, and
as a result the induced transition criteria, are probably affected by the Reynolds and Weber
numbers corrections. Indeed, there are several factors that may affect the magnitude of these
forces: the structure of the far wake, the vorticity production on the bubble surface, the
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Figure 5.3: Conditions for transition: (a) Wewall < 1.2, Wall Reynolds, Rewall as a function
of cot θ; (b); Wewall > 1.5, Wall Weber, Wewall, as a function of inclination angle, θ. The
symbols are according to Table 2.1. In all cases, the filled and empty symbols show the
experiments in which sliding or bouncing was observed, respectively. The black squares,
(), are the data from Tsao and Koch (1997); the (∗) and (×) symbols are results from
Takemura and Magnaudet (2003) and De Vries et al. (2002), respectively. The dashed line in
(a) corresponds to Eqn.(5.4). The vertical dashed-dotted line in (b) corresponds to θ = 43.7o.
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bubble shape, the interaction with the wall and even the possible presence of surfactants.
The fact that our model prediction agrees well with the experiments indicate that such
dependence of the forces with Re and/or We are not significant for the range of parameters
explored here.
5.4 Conclusions
In this investigation we studied the interaction of an air bubble rising in a viscous fluid, during
its interaction with an inclined wall. This particular problem had been addressed previously.
Tsao and Koch (1994) first reported that, for air bubbles in water, the interaction changes
from steady sliding to repeated bouncing at a certain angle. They argued that the condition
for transition occurred at a certain critical Weber number, based in the sliding velocity,
Wewall. Conversely, Takemura and Magnaudet (2003) claimed that, for a vertical wall, the
transition would occur for a certain critical value of Rewall. In this investigation, thanks to
wider range of experimental conditions, we demonstrate that, instead, the transition results
from the appearance of a wake induced lift. Furthermore, we found that there are two
different regimes for the transition depending on the value of the Weber number (based on
the wall velocity) which, in turn, determines the shape of the bubble, the wake structure
and, therefore, the nature of drag force (viscous or inertial) on it. To our knowledge, the
physical conditions to determine the transition had not been explained to date. We plan to
study both regimes, sliding and repeated bouncing, in detail in the future.
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Chapter 6
Sliding and bouncing motion of a
high-Re moderate-We bubble
interacting with an inclined wall
6.1 Introduction
Following the justification of the transition between the sliding and bouncing regimes of
motion, the sliding motion dynamics is studied first in this chapter. This study follows
the investigation of Aussillous and Que´re´ (2002), where the sliding motion of spherical and
pancake bubbles was described through a force balance. However, that study only dealt
with small inclination angles (θ < 5◦), whereas the whole range of inclination from almost
horizontal to nearly vertical is considered here. The steady sliding velocity evolution will be
observed for all the experimental conditions of Table 2.1 and inclination angles lower than
the associated transition angle. Note that for this range of experimental data, the pancake
shape reported by Aussillous and Que´re´ (2002) is not observed here.
Then, when the force balance along the normal direction involves a normal buoyancy force
larger than the induced wake lift force, the bubble cannot remain sliding against the wall.
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What is observed, instead, is that the bubble bounces periodically against the wall. This
time-average steady motion is characterised by a constant bouncing amplitude and period.
To generate this motion, the attractive buoyancy force has to be balanced by the repulsive
lift force effect. The physics responsible for the collisional type motion will be also reported
here, as well as the evolution of the bubble dynamics with the inclination angle.
6.2 Sliding bubble velocity
As described before, if the inclination angle is smaller than a certain transition angle the
bubble slides against the wall with a constant velocity after a collision and a transient phase.
Despite the apparent simplicity of the phenomenon, few authors have studied it. The range
of experimental conditions considered in the present investigation should give us an extended
panorama of the mechanics of the sliding bubbles.
The evolution of the steady sliding velocity with the inclination angle is shown in Figure 6.1
for all the experimental conditions of Table 2.1 (reported in Table 2.1). For all experimental
conditions, the bubble-wall velocity increases monotonically with the inclination angle.
To understand the sliding motion, we consider the force balance proposed by Aussillous and
Que´re´ (2002) in the direction parallel to the wall. It is important to mention that Aussillous
and Que´re´ (2002) only considered small inclination angles (θ ≤ 6◦) whereas we report here
sliding motions for inclination angles up to 75◦. As the bubble slides against the wall, it is
driven upward by the buoyancy force (Fbuoyancy ∼ ρgD3eqsin(θ)) and the drag force balances
the gravity. Apart from the drag force resulting from the friction of the liquid, here after
referred as Stokes force, the flattening of the bubble interface close to the wall generates
an additional resistance to the bubble motion (see Figure 6.2). Indeed, when the bubble
is deformable, it flattens against the wall during its sliding motion, because of the normal
buoyancy action. A lubrication film is then formed. The associated force will be referred as
lubrication force.
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Figure 6.1: Sliding bubble velocities, Vwall, as a function of sinθ, where θ is the inclination of
the wall with respect to the horizontal direction, for all the experimental conditions of Table
2.1 are plotted according to the corresponding symbol codes.
The scaling of the Stokes force is
FStokes ∼ µVwallDeq (6.1)




where hfilm is the thickness of the liquid film, lfilm the length of contact between bubble
interface and the liquid film. λ is the length of curved part of the bubble interface starting
from the bubble edge to the interface in contact with the liquid film. To obtain an expression
for hfilm and λ, the flow in the liquid film during the sliding motion of the bubble is considered.
The balance between the capillary force, resulting from the interface deformation by the
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Figure 6.2: Illustration of the parameters of scaling of the lubrication force, for a 2.8 mm
diameter bubble in experimental conditions E5 and a wall inclination of 10◦.
where κ−1 is the capillary length. A second relation between both parameters is obtained




Considering these two relations, the expression of hfilm and λ can be obtained and integrated
in the expression of Flubrication:
Flubrication ∼ σ lfilmCa2/3wall (6.5)




is the length of contact between the bubble interface and the liquid film.




As a result, the balance of forces acting on a sliding bubble is given by the following scaling
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Figure 6.3: Map of wall capillary number, Cawall, and projected Bond number, Bo sin θ,
calculated for the experimental conditions of Table 2.1 and plotted according to the cor-
responding symbol codes. The blue and cyan continuous lines correspond to a fit of the
contaminated and clean bubbles data respectively with a linear trend. This figure represents
the Stokes force term as a function of the buoyancy term in equation (6.6)









is the Bond number whereas a and b are constant, that can be in-
ferred by a fit of the experimental results. From left to right, the first term of the equation
represents the Stokes force, the second term is the lubrication force and the last one is the
buoyancy force. If the Stokes force dominates over the lubrication force, a linear relation




wall if the lubrication force dominates over
the Stokes drag) and Bo sin(θ). In Figure 6.3 (respectively Figure 6.4) the Stokes drag term
(respectively lubrication term) is plotted as a function of the buoyancy term. Comparing
both graphs, a closer fit to linear evolutions as well as a better collapse of all the data is ob-
tained with the Stokes drag. Hence the sliding bubble motion is more likely to be controlled
by the Stokes drag for these experiments. However, a more detailed analysis of Figure 6.3 is
necessary to understand the sliding motion.
Indeed, a progressive departure between the linear trend and the experimental data is ob-
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Figure 6.4: Evolution of Ca
2/3
wall×Bo1/2 as a function of the projected Bond number, Bo sin θ,
calculated for the experimental conditions of Table 2.1 and plotted according to the corre-
sponding symbol codes. This figure represents the lubrication force term as a function of the
buoyancy term in equation (6.6)
served in Figure 6.3 as the value of Bo sin(θ) increases. This gap is larger for experiments
with large values of Wewall. Large values of Wewall are associated to large deformations
of the bubble. Hence, to analyse this evolution of behavior, images of the sliding bubble
shapes in experiment E3 are presented in Figure 6.5 for different inclination angles. For low
inclination angles, the shape of the bubble is dominated by the action of the gravity as the
major axis of the bubble is parallel to the wall and the minor axis is perpendicular to it. The
compression acting on the bubble comes from the normal buoyancy force.
For larger inclination angles, when the bubble acquires a significant inertia it begins to elon-
gate perpendicularly to the wall. Hence if the fluid stress on the bubble interface due to
the bubble inertia becomes larger than the normal buoyancy force, the bubble passes from
spherical to distorted shape. This regime, that will be referred as inertial motion, can be
characterised by a larger bubble axis perpendicular to the wall than parallel to it. In Figure
6.3, the experimental data corresponding to this regime do not follow the linear trends be-
cause equation (6.6) is no longer applicable.
The transition from gravity-dominated to inertia-dominated deformation is obtained through
the introduction of a new definition of the aspect ratio of the bubble. Instead of using the
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(a) 10◦ (b) 20◦ (c) 30◦
(d) 40◦ (e) 50◦
Figure 6.5: Images for the sliding bubbles shape evolution at different inclination angles in
experimental conditions E3. (a) Rewall = 59,Wewall = 0.04, Deq = 1.7 mm, (b) Rewall = 119,
Wewall = 0.16, Deq = 1.7 mm, (c) Rewall = 169, Wewall = 0.33, Deq = 1.7 mm, (d)
Rewall = 204, Wewall = 0.48, Deq = 1.7 mm, (e) Rewall = 228, Wewall = 0.60, Deq = 1.7
mm. The subcaption reports the corresponding inclination angle. Images are shown with
the same scale.




Therefore, the transition between regimes is characterised by a wall aspect ratio χwall > 1 for
gravity-dominated shape regime, whereas χwall < 1 is observed in inertia-dominated shape
regime of deformation. In Figure 6.6, we plot χwall as a function of the corresponding Wewall
for all the experiments. Figure 6.6 clearly shows the two observed regimes. In the following
sections we will analyse the two regimes separately.
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Figure 6.6: Evolution of the wall aspect ratio, χwall, defined in equation 6.7 as a function of
the wall Weber number,Wewall, for all experimental conditions of Table 2.1 plotted according




As the shape of the bubble is controlled by the action of the gravity, the Stokes force can be
scaled as a viscous force and according to equation (6.6) without the lubrication force results
in a linear relation between Bo sin(θ) and Cawall so a description of the sliding bubble motion
is given by:
Cawall ∼ Bo sin(θ) (6.8)
In Figure 6.9 the evolution of Cawall as a function of Bo sin(θ), is shown, considering only
the data corresponding to χwall > 1. A good fit of the experimental data with linear trends
is observed. Note that two different linear trends are shown and that a progressive gap is
observed between the experimental results and the linear trend for large values of Bo sin(θ).
We need to consider all the experimental parameters to understand the results. Hence, the
effect of bubble contamination will be observed. As commented in Chapter 2, the presence of
contamination can be studied by comparing the experimental terminal drag coefficient with
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the correlation of Schiller and Naumann (1933) and Maxworthy et al. (1996) in Figure 6.8.
We find that the terminal drag coefficients of large bubbles (experiments E3, E5, E9 and
E11) agree well with the Schiller and Naumann (1933) expression. Consequently a strong
contamination of the interface is suggested, except for E3 that corresponds to silicon oil.
Indeed, according to Zenit and Magnaudet (2008), silicon oils are non-polar. Therefore the
surface of the bubble remains clean unlike the other liquids used. As explained before, the
absence of impurity on the bubble interface produces a different structure of flow around the
bubble and so a different Stokes drag intensity is observed. Schiller and Naumann (1933)
proposed a correction of the drag coefficient corresponding to solid spherical particle at
intermediate Reynolds number (Re < 800), which can be interpreted as an immobile interface






with CdStokes being the drag coefficient of a spherical particle in the Stokes regime. In
order to separate the effects of the interface contamination from the effect of the presence
of an inclined wall on the bubble dynamics, we apply the Shiller based correction to the
experimental data of the terminal conditions with a fitting parameter adjusted in order to





where kd = 2 is a fitting coefficient. We observe in Figure 6.8 the corrected drag coefficients,
plotted in empty symbols, align well with the data of clean bubble.
The capillary number represents the ratio between the viscous force and the surface tension.
In the case of a sliding bubble (see previous force balance and equation (6.6)) the viscous
force comes from the drag force. Hence, in order to eliminate the effect of contamination of
the liquid from the sliding dynamics and more particularly on the experimental Cawall, we
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apply the previous correction to the experimental data:
Caw corrected = Caw exp ((1 + 0.15Re
0.687
wall ) kd) (6.11)
The resulting data are plotted in Figure 6.9 in empty symbols. The corrected data agrees now
with the results for clean bubbles corresponding to experiments E1, E2 and E3. Hence, we
can conclude that the evolution of Cawall observed for these experimental data with the cyan
linear trend results from the contamination of the liquid. Yet a gap is still observed with the
linear trends for large values of Bo sin(θ) that can not be attributed to the contamination.
Accordingly, the effect of the bubble deformation is now considered. The drag coefficient
corrections proposed by Moore (1965) can be used to isolate the effect of deformation from






and the wall capillary number as:
Caw corrected = Caw expG(χwall) (6.13)
where G(χ) is the first order correction of the drag force for the bubble deformation when




χ4/3(χ2 − 1)3/2[(χ2 − 1)1/2 − (2− χ2)sec−1χ]/[χ2sec−1χ− (χ2 − 1)1/2]2 (6.14)
Based on the potential flow theory, the energy dissipation on an ellipsoidal bubble is calcu-
lated analytically. The expression of the drag coefficient as a function of the aspect ratio of
the ellipsoid is then deduced from the drag force. As observed in Figure 6.8, the corrected
values now agree well with Maxworthy’s expression. The effect of the bubble deformation
is then well separated from the bubble dynamics through this correction. Consequently, the
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Figure 6.7: Map of wall capillary number, Cawall, and projected Bond number, Bo sin θ,
calculated for the experimental conditions of Table 2.1 that belong to the viscous regime
(χwall > 1) and plotted according to the corresponding symbol codes. The blue and cyan
continuous lines correspond to a fit of the contaminated and clean bubbles data respectively
with a linear trend. This figure represents the Stokes force term as a function of the buoyancy
term in equation (6.6). In empty symbols are plotted the data corrected according to equation
(6.10) or equation (6.12).
wall capillary number fits well with the linear relation of clean bubbles. Thanks to these
corrections, an agreement with equation (6.8) is obtained for all the experimental data of the
gravity-dominated shape regime of deformation. As for the existence of two linear trends, it
is indeed associated to spherical sliding bubbles on one hand (blue line) and deformed sliding
bubbles on the other hand (cyan line). More explicitly,the cyan line correponds to the force
balance of (6.8), whereas the cyan line corresponds to the force balance (6.6) where the lubri-
cation force term is transformed into an additive drag through the deformation corrections
(6.13).
Given that the Stokes force dominates, we can consider the drag coefficient expression for
a rising bubble in presence of a wall developed by Kok (1993). He calculated an analytical
expression of the drag coefficient of a pair of bubbles rising symmetrically in a quiescent
fluid, considering potential flow. The resulting drag coefficient was obtained by multiplying
the drag coefficient of a free rising bubble at high Reynolds number with a correction term
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Figure 6.8: Map of terminal drag coefficient, Cdterm, and terminal Reynolds number, Reterm,
calculated thanks to equation (4.3) for the experimental conditions of Table 2.1 and plotted
according to the corresponding symbol codes. The green red and black continuous lines
correspond to Moore (1965), Maxworthy et al. (1996) and Schiller and Naumann (1933)
expressions respectively. For the green line an aspect ratio of 1 is taken in the corresponding
drag coefficient expression proposed by Moore (1965). In Magenta line a fit of the Moore
(1965) expression on some experimental data is presented. The drag coefficient evolution,
taking into account the shape evolution of the bubble given by Moore (1965) is shown in
orange, cyan and blue lines for Mo = 5 × 10−9, Mo = 1 × 10−9 and Mo = 2 × 10−11
respectively. The empty symbols corresponds to the data corrected according to equation
(6.10) or equation (6.12).
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, where h is the distance between the bubble and the wall. Figueroa-Espinoza
et al. (2008) have shown that for the case of a bubble confined between two walls, in addition
to the inviscid contribution of the potential-flow, the production of vorticity at the wall also
contributes to the drag force. They inferred the viscous contribution from direct numerical
simulations of the flow of a static spherical bubble placed in between two moving walls. In
agreement with Legendre (2007), the viscous contribution was established as a function of the
maximum vorticity (Ωmax) produced by the bubble motion on the wall. The contribution was
then added to the inviscid potential flow correction in the expression of the drag coefficient.
Its dependence with the dimensionless distance s showed good agreement with experimental
data. As a first approximation of this contribution for the case of a single wall, we consider














where φwalls is the term given by the potential flow theory and representing the effect of the
walls on the drag coefficient of a high Reynolds number bubble.
16ω∗max
Re
is the drag coefficient
expression as a function of the vorticity production proposed by Legendre (2007) for large
Reynolds numbers. ω∗max =
3
8
s3Re is the value obtained numerically by Figueroa-Espinoza
et al. (2008) considering the presence of two walls. Hence, we propose to model the drag














= (1 + 4s3 + ...), (6.17)
For the case of a sliding bubble, very close to the wall, the dimensionless distance is s ∼ 0.5.
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Figure 6.9: Map of wall capillary number, Cawall, and projected Bond number, Bo sin θ,
calculated for the experimental conditions of Table 2.1 that belong to the viscous regime
(χwall > 1) and plotted according to the corresponding symbol codes. The blue and cyan
continuous lines correspond to a fit of the contaminated and clean bubbles data respectively
with a linear trend. This figure represents the Stokes force term as a function of the buoyancy
term in equation (6.6). In empty symbols are plotted the data corrected according to equation
(6.10) or equation (6.12).
And taking CdMoore ∼ CdLevich = 48
Re
, the analytical expression for the drag coefficient for a





The resulting drag coefficient approximation is plotted in Figure 6.10. In this same figure we
also plot the experimental drag coefficients of all the experiments inferred from the balance







We apply equation (6.10) and equation (6.12) to the original experimental data to correct
both contamination and deformation and plot the corresponding values in empty symbols.
The analytic expression obtained for the drag coefficient is in agreement with the trend of the
experimental drag coefficient of spherical sliding bubbles corresponding to the development
hypothesis. Nevertheless, a constant gap exists that comes from the overvaluation of the
Barbosa Christophe Page 72 of 161
Chapter 6. Sliding and bouncing motion of a high-Re moderate-We bubble









Figure 6.10: Map of wall drag coefficient, Cdwall as defined in equation (6.19), and wall
Reynolds number, Rewall, calculated for the experimental conditions of Table 2.1 that belong
to the viscous regime (χwall > 1) and plotted according to the corresponding symbol codes.
The green red and black lines correspond to equation (6.18), equation (6.20) and the empirical
relation proposed by Tsao and Koch (1997) (Cdwall =
100
Re
) respectively. In empty symbols
are plotted the data corrected according to equation (6.10) or equation (6.12).
effect of the vorticity production at the wall based on the (Figueroa-Espinoza et al., 2008)
relation and the number of wall. The evolution of the drag coefficient of spherical bubbles





where k = 125. The drag coefficient of deformed bubbles are aligned with the theoretic trend
(6.18). Yet, it is surprising that the drag coefficients of deformed bubbles are smaller than for
the spherical bubbles. This phenomenon is attributed to a lower vorticity production along
the wall when the bubble is deformed compared to the vorticity production of a spherical
bubble.
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Figure 6.11: Map of wall Froude number, Frwall defined by equation (6.22), and cos θ,
calculated for the experimental conditions of Table 2.1 that belong to the Inertial regime
(χwall < 1) and plotted according to the corresponding symbol codes.
6.3.2 Inertial Regime
As discussed above, when the bubble motion acquires sufficient inertia it shape is such that
χwall < 1. In this case, the bubble appears nearly perpendicular to the wall. As a larger area
is exposed to the flow we can expect a vortex detachment (see chapter 4)and the drag force




eq ∼ ρgD3eqsin(θ) (6.21)





The Froude wall number (Frwall) is the ratio between the bubble inertia and the buoyancy.
Figure 6.11 shows Frwall as a function of sinθ for the experiments for which χwall < 1. For all
the data, a nearly constant value Frwall is observed. Given that in this case inertial effects
dominate due to the wake detachment induced by the deformation (4.8g), the corrections
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Figure 6.12: Map of wall drag coefficient, Cdwall as defined in equation (6.19), and wall
Reynolds number, Rewall, calculated for the experimental conditions of Table 2.1 that belong
to the inertial regime (χwall < 1) and plotted according to the corresponding symbol codes.
The vertical axis is the same as in Figure 6.10 to make possible a comparison between the
two regime
for the contaminated bubble and the deformation discussed before are not applicable. Ac-





Therefore, for this case the drag coefficient is constant. Figure 6.12 shows the drag coefficient
as a function of the Reynolds number, which clearly shows the Cdwall ∼ constant. A constant
drag coefficient of approximately 0.7 is effectively observed for sliding bubbles in inertial
regime. The data cover a wide range of Reynolds numbers (from 150 to 650 approximately).
Therefore, the bubbles that belong to the inertial regime are controlled by a drag force
independent of the inclination angle of the wall and the Reynolds number.
6.3.3 Conclusion
In this section we studied the sliding motion of bubbles for inclination angles lower than
the transition angle. A first study of this configuration had already been presented by
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Aussillous and Que´re´ (2002) but was restricted to low inclination angles (θ < 6◦). They
proposed a simple force balance to describe the evolution of the sliding velocity with the
inclination angle, considering the buoyancy force, the Stokes force and the lubrication force.
Based on a wider range of experimental conditions and inclination angles, we found the
existence of two regimes of sliding motion. Indeed when the inertia achieved by the bubble
is large the bubble acquire a large deformation aligning perpendicularly to the wall. Based
on an adapted definition of the aspect ratio considering the ratio of the parallel to the
perpendicular axis, the transition occurred for χwall ∼ 1. For aspect ratios smaller than one,
the bubble motion was controlled by a viscous drag force. In agreement with Aussillous and
Que´re´ (2002), and considering equivalent diameters lower than the corresponding capillary
length, no lubrication force acted on the bubble. As a result, a linear relation of the wall
capillary number (Cawall) and the tangential Bond number (Bosin(θ)) was observed. Given
the experimental conditions of the study, both the bubble interface contamination and bubble
deformation affected the results. By applying corrections of the viscous force based on the
Schiller and Naumann (1933) and Moore (1965) corrections respectively, the data followed
an identical linear tendency. A model of the drag coefficient of the sliding bubbles was
proposed based on the additive contributions of the inviscid potential-flow drag correction
proposed by Kok (1993) and the drag contribution due to the vorticity production on the
wall (Figueroa-Espinoza et al. (2008)). The drag coefficient proposed agreed well with the
experimental data of clean bubbles. For the cases where the wall aspect ratio was higher than
one (χwall > 1), the motion of the bubble resulted from a balance between an inertial drag
force and the buoyancy. The force balance showed that the wall Froude number is constant
for all angles. Consequently the drag coefficient was found to be constant and independent of
the wall Reynolds number. The experimental data agreed well with these scaling arguments.
Barbosa Christophe Page 76 of 161
Chapter 6. Sliding and bouncing motion of a high-Re moderate-We bubble
interacting with an inclined wall










Figure 6.13: Mean tangential bubble velocities, Vwall, for the bubbles in the bouncing regime
as a function of sin(θ), whith θ the inclination angle. As well, the error bars represent the
standard deviation of the associated tangential velocity considering the bouncing motion. All
data of Table 2.1 are presented with the corresponding symbol codes.
6.4 Bouncing motion of bubbles
Unlike when the bubble is sliding, the bubble never achieves a constant velocity when it
bounces periodically. As a consequence, a mean time-average velocity will be considered to
characterise the dynamics of the bubble. However, the mean normal velocity is zero. Hence,
the bouncing dynamics of the bubble will be studied through the mean tangential velocity.
This parameter is calculated considering several complete bounces, once a constant bouncing
amplitude is observed. The mean tangential velocity of the collisional modes observed for the
experimental conditions depicted in Table 2.1 is shown as a function of the inclination angle
in Figure 6.13. The standard deviation of the tangential velocity, considering its variations
during one bounce, is reported in the same figure. Data are color and symbol coded according
to the description of Table 2.1.
The mean tangential velocity ranges between 150mm.s−1 and 220mm.s−1 so that a similar
order of magnitude is found compare to the sliding motion. In contrast with the sliding motion
velocities, the mean tangential velocities of the bouncing bubbles are nearly independent from
the inclination angle. Also, the physical properties of the bubble-liquid system have small
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influence on the dynamics of the bubble. In contrast, the standard deviation increases with
the inclination angle. To understand the physics that engender such a behavior, the time
evolution of the tangential velocity during one bounce is analyzed. The bubble-wall distance
and the tangential velocity evolutions with the time are shown in Figure 6.14a and Figure
6.14b respectively, for a 1.6 mm diameter bubble in experimental conditions E6 (see Table
2.1) and an inclination angle of 60◦. Full symbols are used to show the times in which
the bubble is in contact with the wall. Empty symbols show the times of bouncing. The
bubble-wall contact phase begins when the bubble impacts the wall and finishes when the
tail detaches from the wall. The small decrease of tangential velocity observed during the
contact phase is balanced by an equivalent increase observed during the bounce. The largest
evolution of the bubble tangential velocity occurs during the bounce phase. The variation
of the mean tangential velocity, reported in Figure 6.13, is generated during this phase.
During the bounce phase, the bubble motion is controlled by the balance between the drag
and the added mass forces, both aligned with the bubble path but in opposite directions;
the buoyancy force, directed along the vertical direction, and the lift force, perpendicular to
the bubble path. The physics of the lift force have been studied by De Vries et al. (2002).
However, unlike his theory and in agreement with the Chapter 5, we consider here that the lift
force is wall-repulsive. In Figure 6.15, the evolution of the tangential velocity of the same 1.6
mm diameter bubble in experimental conditions E6 with the time is shown for four different
inclination angles (65◦, 70◦, 75◦, 80◦). The variation of the tangential velocity during one
bounce increases with the inclination angle because of the effect of the lift force. Considering
De Vries et al. (2002), the lift force scales as:
Flift ∼ ρlD2eqV 2 (6.24)
with Deq is the equivalent diameter and V is the magnitude of the velocity. Actually, when
the inclination angle increases, the bubble inertia increases too and tends toward the terminal
conditions. As a consequence, the lift force magnitude becomes more important and both the
deceleration and acceleration that it generates are more intense. This explains the almost
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constant mean tangential velocity, as well as the increasing standard deviation when the
inclination angle increases.
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Figure 6.14: Steady bounce of a bubble for inclination angles larger than the transition angle.
The steady motion of a 1.6 mm diameter bubble in experimental conditions E6, from Table
2.1, is reported for a 65◦ inclined wall. In empty symbol is reported the tangential velocity
evolution of the bubble during the bounce phase, whereas the full symbols correspond to
the contact phase. (a) dimensionless distance, h/Deq, and (b) tangential velocity evolutions,
Vwall, are shown for one steady bounce as a function of the dimensionless time, tVterm/Deq.
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Figure 6.15: Steady bounce of a bubble for inclination angles larger than the transition
angle. The steady motion of a 1.6 mm diameter bubble in experimental conditions E6, from
Table 2.1, is reported for inclination angles of 65◦, 70◦, 75◦ and 80◦. The associated data are
represented in red, blue, magenta and cyan colors respectively. In empty symbol is reported
the tangential velocity evolution of the bubble during the bounce phase, whereas the full
symbols correspond to the contact phase. The tangential velocity evolution, Vwall, is shown
for one steady bounce as a function of the dimensionless time, tVterm/Deq.
6.5 Analysis
Considering the tangential velocity of the bouncing bubbles, the lift force significantly influ-
ences the resulting motion. However, if we consider the mean behavior of the bubble through




eq ∼ ρgD3eqsin(θ) (6.25)







However, compared to the sliding inertial bubbles, a much larger bubble deformation is
generated when the bubble bounces.
In Figure 6.16, the drag coefficient of the bouncing bubbles, for the experimental conditions
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Figure 6.16: Map of the wall drag coefficient, Cdwall, and wall Reynolds numbers, Rewall,
obtained for the bouncing motions of bubbles calculated thanks to equation (6.19) for the
experimental conditions of Table 2.1 and plotted according to the corresponding symbol
codes. The data reported correspond to the mean tangential velocities of the bubble for
inclination angles larger than the transition angle. In empty symbols the corrected wall drag
coefficient, considering either equation (6.10) or equation (6.12) are shown.
of Table 2.1, are plotted as a function of the wall Reynolds numbers with the corresponding
symbols. As expected, a constant drag coefficient is observed. The value observed is the
same as the constant drag coefficient of the inertial sliding bubbles:
Cdwall ∼ 0.7 (6.27)
Hence the inertial nature of the bouncing motion is confirmed.
6.5.1 Conclusion
In this chapter, the dynamics of the bubble, considering inclination angles larger than the
transition angle were studied. Accordingly, the inertia achieved by the bubble generates
a lift force higher than the normal buoyancy force ( see Chapter 5). Hence, the bubble
bounces repeatedly against the wall instead of sliding. The tangential velocity evolution
with the time during one bounce highlights the predominance of the lift force in the bubble
dynamics. Through its wall-repulsive effect, the lift force regulated the tangential velocity so
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that a global tangential velocity increase was generated during the bounce that compensates
exactly the tangential velocity decrease associated to the bubble-wall impact. The balance
of force used for the inertial sliding bubbles was applied successfully to describe the mean
tangential motion of the bouncing bubbles. Accordingly a constant drag coefficient was
obtained (Cdwall ∼ 0.7).
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7.1 Introduction
In the previous chapters, the study have been focused on the steady behavior achieved by the
bubble after impacting the wall and realising a few transient bounces. This chapter analyzes
the process of impact of a bubble at its terminal state with an inclined wall. One possible
approach to model the interaction is by a coefficient of restitution ǫ defined as:
ǫ = | Vdepart
Vapproach
| (7.1)
where Vdepart and Vapproach correspond to the particle velocity before and after the collision.
This quantity has been introduced by Joseph et al. (2001) to lump in one parameter all the
experimental results of collision of a solid particle against an horizontal wall in a viscous
liquid. It has since been largely extended to a variety of particle-wall collisions. Yet, when
the particle considered is a bubble, the understanding of the physics is, to our knowledge,
limited to the case of rectilinearly rising bubble and horizontal wall (Zenit and Legendre
(2009)). Accordingly, the present study is an extension of Legendre et al. (2005) and Zenit
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and Legendre (2009) to consider the collision of bubbles with an inclined wall. The process
is observed using a high speed camera within a large range of experimental conditions and
inclination angles. A detailed description of the approach, collision and rebound processes
from a dynamical and energetic perspective is included in the following section. Both normal
and tangential coefficients of restitution are analysed.
7.2 Dynamics of the bubble-oblique wall interaction
The instantaneous evolution of the velocity, position and shape of a bubble during its inter-
action with an inclined wall were observed. To this end, collisions in experimental conditions
E10 and E1 of Table 2.1 were recorded with a frame rate of 3000 images per second. As
well, some experimental data of table 2.1 are considered but with the framing rate (1000
frames per second) used in Chapter 6. The experimental conditions used for this study are
reported in Table 7.1. For all the interactions bubbles were injected from the bottom of the
tank according to the sketch shown in Chapter 2. Hence, they impact the inclined wall after
having reached their terminal conditions (Vterm and χterm). The inclination angles considered
ranged from 5◦ to 80◦.
In the present investigation, we observe free-rising bubbles, not only rectilinearly but also
following zig-zag and helicoidal trajectories. These 2D and 3D trajectories together with the
Experiment Composition ρ µ σ Deq Reterm Weterm χterm Framing rate
% kg/m3 mPas mN/m mm s−1
E4, ◮ W-G 80-20 1045 1.555 70.2 1.7 305±7 1.9±0.09 1.26±0.04 1000
E6, N W-G 85-15 1033 1.363 70.0 1.6 367±16 2.1±0.16 1.44±0.05 1000
E7, N W-G 90-10 1021 1.165 70.6 1.6 469±14 2.5±0.15 1.63±0.08 1000
E8,  W-G 95-5 1009 1.038 70.8 1.7 536±21 2.6±0.20 1.58±0.07 1000
E10, ⋆ W 100 998 0.955 72.6 1.6 601±40 2.7±0.3 1.78±0.10 1000
E12, • W 100 998 0.955 72.6 2.0 639±30 2.6±0.3 1.71 ±0.19 2919
E13, ◭ SO 100 855 1.280 18.0 1.1 139±4 1.8±0.08 1.30±0.01 3152
Table 7.1: Physical properties for the oblique collision experiments conducted in this inves-
tigation. In all cases, the liquids were mixtures of water (W), glycerol (G); percentages in
the second column are by weight. Two experiments were performed using silicon oil (SO).
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Figure 7.1: Schematic representation of the angle β measured between the major axis of the
bubble, dashed line, and the wall direction, solid black line. Point A and B are the point
located on the bubble and the major axis. The figure is rotated so the tangential direction of
the inclined wall is horizontal. In the configuration represented the point A is the first point
to collide the wall.
inclination of the wall generate a tangential velocity component during the collision. Accord-
ing to Pelletier et al. (2015), the zig-zag and helicoidal rising bubbles remains in a plane as
soon as the contact occurs. Therefore, data of the position (x, y), time (t) and the aspect
ratio (χ) provide a complete description of the phenomenon. For visualisation purposes,
as illustrated in Figure 7.1, the original images were rotated in such a way that the wall
coincides with the horizontal direction. Hence the x axis is associated with the tangential
direction and the y axis with the normal direction, as shown in figure 7.1.
All the experimental conditions considered in this study resulted in a bounce of the bubble.
Hence the Stokes number is larger than that for the transition between arrest and bouncing.
When rising freely, Ellingsen and Risso (2001) and De Vries et al. (2002) showed that the
nature of the wakes of bubbles rising rectilinearly differs from the nature of the wake of bub-
bles rising in zig-zag or in helicoidal path. However, Pelletier et al. (2015) showed that, both
regimes, the normal coefficient of restitution shows a dependence with the modified normal
Stokes number (St∗norm), which has been proposed by Zenit and Legendre (2009) for the case
of rectilinear bubble motion.
Figure 7.2 shows images of a 1.15 mm diameter bubble rising in silicon oil (experimental
conditions E1) interacting with a wall tilted of 30◦ from the horizontal (black line). Under
these conditions the bubble rises rectilinearly. For the entire experiment, the evolution of
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the normal position, aspect ratio, normal and tangential velocities, major/minor axis are
plotted in Figure 7.3a, 7.3b, 7.3c, 7.3d, 7.3e respectively as function of the time. The ini-
tial time (t = 0) is defined as the moment when the normal velocity passes, the first time,
from negative values to positive values. The time is normalized by Vterm/Deq where Vterm is
the terminal velocity of the bubble and Deq its equivalent diameter. The position and the
velocity are also normalized by Deq and Vterm respectively. In each image of Figure 7.2, the
major and minor axes, represented in red and blue lines respectively, are inferred from the
Legendre polynomial expansions of the bubble contour (see Chapter 2 for more details). The
major axis is indeed obtained by considering the maximum axis whereas the minor axis is
orthogonal to it. The Legendre polynomial of the bubble contour is shown in green. The
angle between the major axis and the wall direction, β, as illustrated in Figure 7.1 is also
considered. Its temporal evolution is shown in Figure 7.3f.
For a time t∗ ≤ t∗1 (blue line in Figure 7.3), the bubble moves toward the wall with its ter-
minal state conditions. Therefore, the bubble following a rectilinear path, constant normal
and tangential velocities as well as a constant aspect ratio are observed.
At time t∗1, the bubble has not yet impacted the wall but both tangential and normal veloc-
ities start to decrease. Until t∗ = t∗2 (red line in Figure 7.2) the bubble motion is controlled
by the inertial drainage of the liquid film (Zenit and Legendre (2009)). Therefore the aspect
ratio and the β angle remain constant until the bubble impacts the wall (t∗ = t∗2).
Once the bubble impacts the wall, it starts to rotate around the point of contact, labelled
as point A in Figure 7.1. This rotation process is illustrated in Figure 7.4a. During this
rotation, the angle β increases progressively until the major axis aligns with the wall direc-
tion (β = 0). Therefore a viscous liquid film, a lubrication film, forms between the wall and
the bubble upper surface. The size of this lubrication film increases progressively from right
to left. Unlike what is observed for normal collisions, the lubrication film does not form
symmetrically with respect to the bubble center. Instead it forms progressively from the first
point of contact to the opposite edge of the bubble, labelled as B point in Figure 7.1. Mean-
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Figure 7.2: Collision of a bubble with a wall inclined of 30◦ from the horizontal in experi-
mental conditions Deq = 1.3mm, Reterm = 139, Weterm = 1.8, corresponding to experiment
E13, from Table 7.1. The bubble contour resulting from the Legendre polynomial expansion,
the major and minor axis of the bubble are represented in solid green, red and blue lines
respectively at every step time. The wall location is shown in black line. For each image the
corresponding dimensionless time t∗ = t Vterm/Deq is written on top of the subcaption. Note
that the image was rotated to make the wall appear horizontal.
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while the bubble is compressed against the wall by its added mass inertia. Hence its aspect
ratio increases and reaches a maximum value at time t∗3 (black line in Figure 7.3). Once the
aspect ratio achieves a maximum value, the bubble shape evolves toward a spherical shape.
The tangential velocity starts to increase as soon as the bubble impacts the wall. However,
no drastic change in the normal velocity evolution is observed at the transition between the
inertial drainage of the liquid film and the lubrication film formation.
At time t∗ = t∗3 the restitution phase begins. The normal velocity and the angle β become
positive, after what they keep increasing until they reach simultaneously a maximum. For
the angle β, this maximum is 90◦. Indeed the bubble rotates around the B point in Figure
7.1 in the opposite direction to the rotation generated during the impact phase. This second
rotation is illustrated in Figure 7.4b. Accordingly, the size of the lubrication film decreases
progressively from right to left until the formation of a tail. The bubble stops rotating when
the major axis becomes aligned with the normal to the wall. During this phase, the tangen-
tial velocity decreases until it reaches a minimum.
From that moment on (t∗ ≥ t∗4) the angle β attains a 90◦ value. That is, the bubble remains
in contact with the wall and keeps on moving normally, which leads to the formation of a tail.
Accordingly, a small increase of the aspect ratio is observed. During this phase the bubble
is no longer accelerated in the normal direction. Thus the impulse given by the wall is con-
sidered to end at t∗4. Hence the increase of the tangential velocity observed for t
∗
4 ≤ t∗ ≤ t∗5
resulting from the flow field around the bubble rather than the effect of the wall. Indeed, as
described by De Vries et al. (2002) for the interaction of a bubble with a vertical wall, the
flow fields acts on the bubble under the effect of a lift force. This repulsive force is oriented
normally to the bubble path and directed in the opposite direction of the pressure gradient.
A positive component of the lift force is then generated in the tangential direction as the
bubble moves toward the wall or more exactly as its normal velocity is negative. Combined
with the effect of the buoyancy force, a tangential acceleration of the bubble is observed. For
a time t∗ ≥ t∗5 (magenta line in Figure 7.3), the bubble is bouncing and the tail detaches
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Figure 7.3: Collision of a bubble with a wall inclined of 30◦ from the horizontal in experi-
mental conditions Deq = 1.3 mm, Reterm = 139, Weterm = 1.8, corresponding to experiment
E13, from Table 7.1. Evolution of (a) the normalized distance between the bubble centroid
and the wall, h/Deq, (b) the aspect ratio, χ, (c) the normalized normal velocity of the bub-
ble, Vnorm/Vterm, (d) the normalized tangential velocity of the bubble, Vwall/Vterm, (e) the
Major and Minor axis of the bubble (mm) in red and blue respectively, the β angle in degree
as a function of normalized time, tDeq/Vterm, for the experiment shown in Figure 7.2. The








4 used in the description of the collision process are
plotted in each graph in blue, red, black, green and magenta lines respectively.
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(a) (b)
Figure 7.4: Schematic representation of the two bubbles rotations during the bubble-wall
collision. First when the bubble impacts the wall (a) and the lubrication film starts to form
and then when the restore phase begins (b) and until the bubble tail detach from the wall.
The wall location is represented with a thick black line whereas the major axis of the bubble
is represented with a thin black line. The red arrows show the corresponding direction of
rotation of the bubble during each phase.
from the wall. When the bubble reaches the maximum amplitude of the bounce, its normal
velocity reaches a zero value. Therefore, the bubble is no longer pushed in the tangential
direction until the bubble moves again toward the wall.
Different characteristic times can be chosen for the beginning and the end of the interaction.
For the beginning of the process, either time t∗1 when the inertial drainage applies on the
bubble dynamics or time t∗2 when the bubble impacts the wall can be considered. On the
other hand, the end of the interaction may occur either when the normal velocity begins to
decrease and the impulse of the wall end, t∗4, or when the tail of the bubble detach from the
lubrication film, t∗5. Based on these considerations, the contact time can be defined as:
tc = tdepart − tinitial (7.2)
7.3 Inclination angle effects
The objective of the present section is to study the effect of the inclination angle on the col-
lision process. The interaction of a bubble in experimental conditions E1 in Table 2.1 with
a wall inclination of 15◦, 30◦, 45◦ and 60◦ from the horizontal is considered. The evolutions
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of the distance, the aspect ratio, the normal and tangential velocities, the minor/major axis
and the angle β with respect to the time are shown in Figure 7.5a, 7.5b, 7.5c, 7.5d, 7.5e and
7.5f, respectively. Each figure is color coded according to the inclination angle considered.
For the different inclination angles considered here, a similar temporal evolution is observed.
Particularly, the same phases of the evolution of the aspect ratio during the collision are
observed but a smaller maximum deformation is achieved as the inclination angle increases.
Therefore we can observe in the wall-bubble distance evolution, Figure 7.5a, that the min-
imum distance decreases too. For θ = 60◦ (green color), no significant compression of the
bubble against the wall during its collision is observed. In this particular case, the bubble
evolves toward a spherical shape at the same time as it rotates. During the contact phase
two simultaneous processes occur in the tangential direction, each one with a different char-
acteristic time. On one hand, there is a transfer of kinetic energy toward surface energy.
This energy transfer is associated with an increase of the aspect ratio. The time of response
tends to decrease as the normal inertia of the bubble at the contact decreases, basically as
the inclination angle increases. On the other hand there is the bubble rotation. The rotation
begins when the angle β begins to increase and ends when it reaches 90◦. Unlike the capillary
time of response, the same period is observed for the four inclination angles.
As detailed in the previous section, one of the possible definition of the contact time is to
consider that it starts when the bubble forms a viscous film and finishes with the impulse
of the wall. Defined in this way, it corresponds to the constant period of the first bubble
rotation. The spring-mass system proposed by Legendre et al. (2005) to model the normal
collision of a drop with a horizontal wall is considered for the present study. Zenit and Leg-
endre (2009) have indeed demonstrated that the same system is also representative of the
bubble-wall normal collision. Considering the shape and velocity of the bubble at terminal
state as the initial condition when the collision begins, the bubble start to deform then. The
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Figure 7.5: Collision of a bubble with a wall inclined of 15◦, 30◦, 45◦ and 60◦ from the
horizontal plotted in blue, red black and green symbols respectively. The bubble interacts
with the wall in experimental conditions Deq = 1.3 mm, Reterm = 139, Weterm = 1.8,
corresponding to experiment E13, from Table 7.1. Evolutions of (a) the normalized distance
between the bubble centroid and the wall, h/Deq, (b) the aspect ratio, χ, (c) the normalized
normal velocity of the bubble, Vnorm/Vterm, (d) the normalized tangential velocity of the
bubble, Vwall/Vterm, (e) the major and minor axes of the bubble (mm) in red and blue
respectively, the β angle in degree as a function of normalized time, t Vterm/Deq.
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bubble deformation in the direction normal to the wall is defined as:
η(t) = Axisnorm,term −Axisnorm,t (7.3)
Hence, the temporal evolution of the normal deformation of the bubble is governed by the











πρ∗R3eq the total mass involved in the collision considering ρ
∗ = ρb+CAMρl where
CAM is the added mass coefficient of the bubble. K1 and K2 are constants.The second term
of the equation represents the viscous dissipation generated by the liquid film drainage. It is
modelled by the lubrication force expression of Klaseboer et al. (2001) considering a constant
film thickness. As defined previously, the contact time initiates when η begins to change,
that is when t = 0, and finishes when the bubble-wall distance becomes higher than one
radius, that is when η becomes zero. The contact time thus corresponds to the half-period














The theory is therefore in agreement with the constant contact time observed for the exper-
imental conditions considered here. In addition, the time evolution of the normal velocity
during the contact is in agreement with the velocity profile reported by Zenit and Legen-




, decreases. Given these agreement between the results of
the normal velocity and the spring-mass model, this latest should predict well the normal
behavior of the bubble. We will evaluate after this assumption considering the evolution of
the normal coefficient of restitution. The tangential velocity decrease generated during both
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the inertial drainage of the liquid film and the contact phase can be related to the terminal
tangential velocity. The temporal evolution of the tangential velocity shows the need to define
clearly the initial and terminal times of the collision. According to this choice, completely
different values of tangential coefficient of restitution can be obtained; this is not the case
for the normal coefficient of restitution. Tangential coefficients of restitution larger than one
have been reported by Pelletier et al. (2015). Such values are disconcerting given that the
coefficient of restitution is a measure of the energy dissipated by the collision. Based on the
velocity evolution with the time, we consider the dimensionless time t∗4, when the normal
velocity of the bubble reaches its maximum, as the end of interaction. The dimensionless
time t∗1 just before the beginning of the inertial drainage phase will be considered as the
initial time. The moment when the bubble impact the wall, t∗2, will also be considered as a
second option.
7.4 Energy balance
Following the idea proposed by Legendre et al. (2005) to study of the impact of a drop against
an horizontal wall, and Zenit and Legendre (2009), for a bubble impacting an horizontal wall,
the oblique collision process can be represented through a coefficient of restitution. Generally
speaking, this parameter is defined as
ǫ = − Vdepart
Vimpact
(7.6)
where, Uimpact is either the bubble velocity at the beginning of the inertial drainage of the
liquid film or the bubble velocity of impact. Udepart is the velocity of the bubble when the
normal velocity reaches its maximum. With regard to the oblique collision, the normal and
tangential coefficients of restitution can be obtained by applying this definition to the tan-
gential and normal velocities respectively. The coefficient of restitution gives an indirect
measure of the energy dissipated during the collision. A detailed description of the energy
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transfer during the different phases of the interaction is thus considered here.
When a bubble collides with a wall, it can either bounce or arrest. The behavior adopted
by the bubble results from the competition between surface energy, kinetic energy and dissi-
pation. First, the bubble moves at its terminal state conditions. The corresponding kinetic
energy is balanced by the surface energy associated with the ellipsoidal shape of the bubble.
Then during the inertial drainage of the liquid film, its velocity decreases while the bubble
keeps a constant shape. Accordingly, a transfer from the kinetic energy to the dissipation
energy should be observed. Once the bubble impacts the wall, its shape evolves considerably
while its velocity decreases quickly. Consequently, its kinetic energy is not only dissipated but
it is also transferred toward surface energy. When the restitution phase begins, the surface
energy is, in turn, transferred back to kinetic energy. The rebound occurs when the kinetic
energy restored through the bubble deformation is larger than the dissipation resulting from
the resistance of the viscous film. For an oblique collision, the energy transfer process is not
fundamentally changed from the normal collision process, but it is complicated due to the
existence of two component of the motion.
The surface energy associated with the terminal state of the bubble can be taken as reference
to study the effect of the wall. The evolution of surface energy under the effect of the wall is
thus given by:
E∆,S = σ (A(t)−Aterm) (7.7)
where σ is the surface tension of the bubble and A(t) and Aterm are the bubble area at
time t and at its terminal state, respectively. To evaluate the bubble surface, the Legendre
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(CAMρl + ρb))Vb(U2norm + U2wall) = Ek,norm + Ek,wall (7.9)
The bubble volume, Vb, is calculated with its equivalent diameter (Vb = 1
6
πD2eq). CAM is the
added mass coefficient. The expression proposed by Milne-Thomson (1968), considering the
bubble aspect ratio, χ, is used:
CAM =
α









Finally, the dissipated energy is obtained by considering the method proposed by Jeong and
Hyungmin (2015). Since the total energy of the bubble is composed of the sum of surface
energy, kinetic energy and dissipation energy, the energy dissipation is:
ED(t) = (ES,term + Ek,term)− (ES(t) + Ek(t)) (7.11)
The temporal variations of the surface energy, E∆,S, the kinetic energy, Ek,norm and Ek,wall,
and the dissipated energy for a 1.15 mm diameter bubble in silicon oil (Experiment E1)
interacting with a wall tilted of 15◦, 30◦, 45◦ and 60◦ from the horizontal are shown in Figure
7.6. The figure is color coded according to the inclination angle considered. Once the inertial
drainage of the liquid film begins at t∗ = t∗2 a small decrease of the surface energy is observed
as its front interface tends to flatten close to the wall. This phenomenon, illustrated in Figure
7.7, induces a decrease of the bubble surface. By comparison, more significant dissipation is
observed from a decrease of tangential and normal kinetic energies. The normal velocity of
the bubble evolves according to the inertial model proposed by Zenit and Legendre (2009)
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Figure 7.6: Collision of a bubble with a wall inclined of (a) 15◦, (b) 30◦, (c) 45◦ and (d) 60◦.
The bubble interacts with the wall in experimental conditions Deq = 1.3 mm, Reterm = 139,
Weterm = 1.8, corresponding to experiment E13, from Table 7.1. In each graph the evolutions
of normal kinetic energy, Ek,norm (red symbols), the tangential kinetic energy, Ek,wall (blue
symbols), surface energy, E∆,S (black symbols) and dissipation energy, ED (green symbols)
as a function of normalized time, t Vterm/Deq.
(a) (b)
Figure 7.7: Images of bubble in its terminal states (a) and at the end of the inertial drainage of
the liquid film phase (b). The bubble interacts in experimental conditions E13 corresponding
to Deq = 1.3 mm, Reterm = 139, Weterm = 1.8. Images are shown at the same scale.
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with Vterm the terminal velocity of the bubble and κ a constant based on the physical param-
eters. h0 and h represents the distance from the bubble interface to the wall at the beginning
of the inertial drainage phase and at time t respectively, ht its time derivative. It is very
likely that the tangential velocity evolves according to the same physics.
As soon as the bubble impacts the wall at t∗2, a drastic change of tangential kinetic energy is
observed. Depending on the inclination angle considered, the wall kinetic energy can either
increase or maintain a constant value. On the other hand, no clear transition is observed
for the normal kinetic energy evolution. For the surface energy, a fast decrease is observed
resulting from the flattening of the bubble surface as illustrated in Figure 7.7. Indeed the
bubble is compressed against the wall by its added mass inertia leading to a decrease of the
surface area. Legendre et al. (2005) and Zenit and Legendre (2009) have demonstrated that
the lubrication film formation induces an important viscous dissipation. Thus an increase of
the dissipation energy is observed during this phase.
Based on the energy variations with respect to the time, a new time (t∗2,1) is introduced that
characterizes the moment when the bubble shape evolves toward a spherical shape as re-
sponse to the impact. This moment will be referred as capillary response time. The capillary
response of the bubble interface induces a decrease of the size of the lubrication film which is
balanced by the effect of the bubble rotation, illustrated in Figure 7.4a. Therefore, a nearly
constant surface energy is observed until the beginning of the restitution phase. Meanwhile,
the normal kinetic energy is close to zero as the bubble reaches its minimum distance to the
wall. This phase is characterised by a tangential motion of the bubble. A strong decrease of
the wall kinetic energy is observed: the wall velocity decreases due to the shape evolution.
The largest dissipated energy is achieved during this phase because it corresponds to the
maximum size of the lubrication film, generating the largest amount of viscous dissipation.
Subsequently, the restore phase begins and the bubble shape evolves. Its surface energy
is increased. In parallel to this change of shape, the bubble rotates around its left side as
illustrated in Figure 7.4b. An important part of the surface energy is transferred to the
Barbosa Christophe Page 99 of 161
Chapter 7. Oblique collision of a bubbles at high Reynolds numbers
normal kinetic energy. Accordingly, an increase of the normal kinetic energy is observed
until it achieves a local maximum when the wall impulse ends (t∗4). On the other hand, as a
response to the bubble rotation and shape evolution associated with the bubble expansion,
a strong decrease of the wall kinetic energy is observed. Therefore, the viscous dissipation is
significantly reduced.
From the moment when the normal velocity of the bubble reaches a maximum, the bubble
is no longer pushed by the wall. Yet, because of the inertia generated by this last impulse at
time t∗4, the bubble keeps on moving normally to the wall. As a consequence, a small decrease
of the normal kinetic energy is observed during this phase. Due to this normal motion and
the resistance of the lubrication film on the bubble interface, the bubble shape expands in
the direction normal to the wall. Its surface energy is largely increased until the bubble tail
detachment. At this precise moment, the surface energy reaches its maximum value. This
maximum is much larger than its surface energy at the terminal state. An energy dissipation,
smaller than that at the terminal states, is observed during the whole phase. It reaches a
minimum value when the tail of the bubble begins to detach from the lubrication film.
Once the tail detaches from the lubrication film, the bubble is no longer in contact with the
wall. As a consequence, the bubble tends to recover a shape similar to the terminal state.
The associated surface energy decreases significantly. Because of the lower inertia achieved
by the bubble during this phase, in comparison with its terminal state, a larger surface energy
is observed. Once its shape stabilises its inertia increases again under the combined effect of
the buoyancy and the lift force. Hence the bubble evolves toward an ellipsoidal shape so its
surface energy increases.
7.5 Coefficients of restitution
Based on the detailed description of the different mechanisms of energy transfer and instan-
taneous velocities evolution detailed in the previous sections, a model for the coefficient of
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restitution will be developed in this section. To support this model, the entire range of exper-
imental conditions of Table 7.1 is considered for inclination angles from 5◦ to 75◦. Because
of the wall inclination and the free rising of the bubble before they impact a normal and a







In the previous section, careful attention has been paid to define the times for impact and
rebound. Accordingly, the terminal conditions (h ≥ Deq) and the end of the wall impulse are
considered. Defined in this way, the coefficient of restitutions will give an indirect measure
of the energy dissipation resulting from the inertial drainage of the liquid film, the formation
of the lubrication film and the restore phase. Unlike for the normal velocity evolution,
Figure 7.5c, a drastic change of behavior is observed in the tangential velocity evolution
when the bubble impacts the wall or, more precisely, when the formation of the liquid film
starts. Hence, the terminal state of the bubble should be considered to describe the collision
process. The wall effect is considered to end when the normal acceleration of the bubble
evolves considerably as the consecutive motion is actually due to the flow field configuration.
Based on the normal velocity evolution, the constant contact time and the evolution of the
coefficient of restitution with the modified normal Stokes number, the normal behavior of
the bubble was found to be in agreement with the model proposed by Zenit and Legendre
(2009).
7.5.1 Normal coefficient of restitution
The model, established for the velocity evolution of a bubble colliding against an horizontal
wall, consists in a mass-spring system to represent the evolution of the normal deformation
of the bubble according to equation (7.4). From the solution of this model equation, the
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Figure 7.8: Coefficient of restitution based on the bubble normal velocity ǫnorm as a function
of the ratio of the capillary number and the modified Stokes number based on the normal
velocity Canorm/St
∗
norm. The experimental results are plotted according to the symbols of
Table 7.1. The blue line corresponds to expression (7.17) while the black line corresponds to
a fit of expression (7.16) considering all the experimental data except the one corresponding
to conditions E12 and E13.
coefficient of restitution can be estimated considering the value of the bubble velocity at the









where tmax is assumed to correspond roughly to the moment when the bubble recover its












with K1 and K2 constants of equation 7.4 and Canorm and St
∗
norm the capillary and modified
Stokes numbers based on the normal velocity and integrating the added mass effects. Figure
7.8 shows the normal coefficient of restitution measured for all the experimental conditions
of Table 7.1. The experimental data follows clearly the dependence of equation (7.16) given
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by the mass spring system represented in blue line and black line. For the experimental data
recorded with a similar framing rate as for the Zenit and Legendre (2009) study, E12 and










Considering that the only difference between E10 and E12 is the framing rate used, we can
conclude that the framing rate in all the experiments but E12 and E13 underestimate the
departure velocity but reproduces the correct trend. Nonetheless, the model of Zenit and
Legendre (2009) reproduces correctly the normal coefficient of restitution. This result is
important since equation (7.17) can be used to represent bubble-wall collision not only for
horizontal wall but also for inclined wall and independently of the free rising motion nature.
7.5.2 Tangential coefficient of restitution
We now consider the tangential coefficient of restitution, ǫwall. The tangential motion of the
bubble is controlled by the competition between the inertia, the surface deformation and
the viscous dissipation. The dimensionless numbers associated to the competitions between
these forces are thus considered in order to report the evolution of ǫwall. The competition
between the surface deformation and the inertia is characterized by the tangential Weber
number, whereas the competition between the viscous dissipation and the inertia is described
with the tangential Reynolds number. Finally, the competition between the the surface
deformation and the viscous dissipation is represented by the tangential Capillary number.
All the dimensionless numbers are calculated with the tangential components of the terminal
conditions of the bubble. In Figure 7.9 the evolution of the experimental tangential coefficient
of restitution with these three dimensionless numbers is plotted. There are two clear different
behaviors depending on the collision process as described in Figure 7.4 and 7.10. Considering
the one-way collision process of Figure 7.4, reported using empty symbols, a nearly constant
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tangential coefficient of restitution is shown:
ǫwall ∼ 0.8 (7.18)
Note that Pelletier et al. (2015) reported that when air bubbles impact an horizontal wall in
tap water with a large tangential velocity the associated tangential coefficient of restitution
hold a constant value of 0.55. This value is smaller than the mean value observed here, but
the impact and depart time were defined differently. Considering now the reversed collision
process, represented using filled symbols, a clear dispersion of the data is observed on the plot
and any of the non dimensional numbers used is able to provide a satisfactory description of
the tangential bouncing process. Indeed, given that the bubbles rose in zig-zag or helical path,
in some cases the bubble is orientated in such a way that the B point in Figure 7.1 collides
the wall before the point A, or more specifically with a positive beta angle. The images of a
bubble that interacts according to this scheme is illustrated in Figure 7.10 from the left top
to the right bottom of the figure. The area of all the images is the same and the time between
each frame is 3.42 ms. The bubble impacts the wall first with the edge opposite to the rising
direction. A different amount of energy is then dissipated during the collision depending on
whether the tangential motion of the bubble changes its direction or not. This phenomenon is
more likely to happen for small inclination angles, the high values of ǫwall compared to these
for small tangential Weber numbers. Globally, for the experimental conditions of Table 7.1 a
small value of the tangential coefficient of restitution is then obtained. Finally, the tangential
coefficient of restitution ǫwall is reported as a function of Ca/St because this dimmensionless
group is the more relevant for the normal collision. Figure 7.11 shows the evolution of the
tangential coefficient of restitution with this parameter. Note that Ca/St does not depend
on the velocity so it is not sensible to the chose of the characteristic velocity for describing
the tangential motion.
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Figure 7.9: Coefficient of restitution based on the bubble tangential velocity ǫwall as a function
of (a) the Weber number based on the tangential velocity Wewall, (b) the Reynolds number
based on the tangential velocity Rewall and (b) the Capillary number based on the tangential
velocity Cawall. The experimental results are plotted according to the symbols of Table 7.1.
The empty and solid symbols show the results obtained when the bubble interacts with the
wall according to the one-way (Figure 7.4) and to the reversed collision process (Figure 7.10),
respectively.
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Figure 7.10: Collision of a bubble with a wall inclined of 5◦ from the horizontal in experimen-
tal conditions Deq = 1.9 mm, Reterm = 635, Weterm = 2.6, corresponding to experiment E12,
from Table 7.1. Time series ordered from top left to bottom right, ∆t = 3.42 ms illustrating












Figure 7.11: Coefficient of restitution based on the bubble tangential velocity ǫwall as a
function of the non dimensional group Ca/St. The experimental results are plotted according
to the symbols of Table 7.1. Empty and solid symbols show the results obtained when the
bubble interacts with the wall according to the one-way (Figure 7.4) and to the reversed
collision process (Figure 7.10), respectively.
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7.6 Conclusion
The process of collision of a bubble with an inclined wall was studied experimentally using
the experimental setup described in Chapter 2. The instantaneous bubble shape and position
were recorded using two framing rates (1000 s−1 and 3000 s−1). By considering a range of
bubble diameter (1.8 < Deq < 2.7 mm) and a variety of liquids, a range of terminal conditions
300 < Reterm < 300 and 1.8 < Weterm < 2.7, was generated. Because of this range of
experimental conditions, bubbles rising rectilinearly as well as in zig-zag and helically were
observed. The inclination angle was varied from 5◦ to 75◦.
As the bubble moves close to the wall at terminal state, its velocity begins to decrease
significantly while its front interface flattens because of the inertial drainage of the liquid
film. Once the bubble impacts the wall, it rotates around the side that first touches the wall
until its major axis aligns with the wall direction. This rotation induces the formation of
a lubrication film. Meanwhile the bubble interface begins to react to the collision and the
bubble shape evolves toward a spherical shape. Then the restoring phase starts when the
normal velocity changes its sign and the bubble rotates in the opposite direction until its
major axis aligns with the direction normal to the wall. Then the wall impulse ends. The
velocity evolution in normal direction (Zenit and Legendre (2009))is again well reproduced
by a mass-spring system. In this system, the inertia is considered through the added mass,
the viscous dissipation comes from the formation of the lubrication film and the springness
results from the surface energy of the bubble. When the same framing rate as that used by
Zenit and Legendre (2009) was used, the data of the normal coefficient of restitution agreed
well with on the expression proposed for the velocity magnitude in normal contact. Based on
the tangential velocity and kinetic energy evolutions during the collision, the end of the wall
impulse was defined as the correct moment for the departure time used in the definition of the
coefficient of restitution. Indeed during the period that separates the end of the wall impulse
from the moment when the tail detaches from the wall, a significant increase of the tangential
velocity is observed. This phenomenon is actually induced by the velocity field around the
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bubble that induces a lift force and should not be attributed to the collision process. As
no clear trend was generated, the tangential coefficient of restitution may be the result of
the competition between the bubble inertia and its surface energy or the viscous dissipation
and the surface energy. Therefore the tangential Weber number and the tangential Capillary
number were considered to correlate ǫwall. For the range of conditions considered here, the
tangential coefficient of restitution can actually be modelled by a constant value of 0.8. An
expansion of the film draining model of Zenit and Legendre (2009) in two dimensions could
be developed. Also, a comparison with other studies (Pelletier et al. (2015), Jeong and
Hyungmin (2015)) is necessary to validate the present results. Finally, the numerical results
will provide important data, unreachable experimentally to complete the understanding of
this phenomenon.
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Chapter 8
2D Numerical results of bubble
interaction with an inclined wall
8.1 Problem statement
Through the mesh refinement step presented in Chapter 3, an optimal mesh system for the
simulation of the interaction of a 2D bubble with an horizontal wall was generated. The first
objective of the numerical simulations of the bubble / inclined wall interaction is to produce
physical parameter ranges impossible to generate experimentally. The Numerical simulation
make possible the independent variation of the parameters. The numerical simulations also
generate results useful to clarify the physics of the mechanism and support the proposed
theories. The second contribution of the numerical simulations is to provide data of velocity
and pressure fields in and out of the bubble. Such data can only be given experimentally
through measure techniques that are likely to affect the physical properties of the bubble
(for example the PIV technique affects the interface behavior by introducing particle in the
liquid) or the liquid.
First, the numerical configuration has to be tested for the inclined wall configuration. As
detailed in Chapter 3, the inclination of the wall is produced numerically by tilting the gravity
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vector from the vertical. The numerical bubble diameter being fixed, the physical parameters
of the liquid and the gas have to be adapted so that the behavior of the numerical bubble
can be compared to one of the experimental conditions of Table 2.1. According to the maps
of Clift et al. (1978) illustrated in Figure 8.1 equivalent terminal conditions will be produced
by matching Morton and Bond numbers. The experimental conditions E10 of Table 2.1 are
considered for this study with the following dimensionless number values:
Mo = 2.14× 10−11 , Bo = 0.36 (8.1)
From the experimental results obtained by high speed camera visualisations and PIV tech-
nique, the dynamical oblique collision process and the steady motion of the bubble will
be compared to the simulation results. Hence the capacity of 2D simulation to reproduce
correctly the 3D interaction of a bubble with an inclined wall will be evaluated. Such 2D
simulations induce an optimal cost of time compare to fully 3D simulations.
Barbosa Christophe Page 110 of 161
Chapter 8. 2D Numerical results of bubble interaction with an inclined wall
Figure 8.1: Shape regime for the bubbles and drops in unhindered gravitational motion
through liquids of Clift et al. (1978). The circle represents the experimental data E10 whose
dimensionless numbers are Mo = 2.14× 10−11 , Bo = 0.36
8.2 Terminal condition
Considering the values of Morton and Bond numbers of the experimental conditions E10
and the numerical diameter of the bubble (Deq = 20mm), the physical parameters of Table
8.1 are chosen for the numerical simulations. The associated Morton and Bond numbers
are 2.14 × 10−11 and 0.4 respectively, close to the experimental conditions E10. A first
simulation is then conducted to simulate the free rising of the 2D bubble. After a transient
period, the bubble reaches its terminal state conditions. The bubble rises rectilinearly at a
Symbol ρl µl ρg µg σ Deq g Reterm Weterm χterm θtrans
kg/m3 Pas kg/m3 Pas N/m mm m.s−2
 1000 0.0379 10 0.000379 9.81 20 9.81 560 2.30 1.34 55◦
Table 8.1: Physical properties the numerical simulations conducted for the validation of the
JADIM code for the bubble inclined wall interaction. The subscript l refers to the liquid
properties while the subscript g refers to the bubble properties.
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(a) (b)
Figure 8.2: Images of the shape of the free rising bubbles, respectively produced by the 2D
numerical simulation (a) and experimentally recorded (b). The free rise of the bubble was
simulated under the conditions of Table 8.1 and in experimental conditions E10 of Table 2.1
leading to the conditions: (a) Reterm = 560, Weterm = 2.30, χterm = 1.34 and Deq = 20 mm
and (b) Reterm = 614, Weterm = 2.9, χterm = 1.78 and Deq = 1.6 mm
terminal velocity of Reterm = 560 and with an aspect ratio of χterm = 1.34. The shape of the
2D numerical bubble is shown in Figure 8.2 together with the shape of the real bubble at
its terminal state in experimental conditions E10. The experimental bubble rose in zig-zag
motion and seemed to be partially contaminated. To compare both terminal behaviors, we
consider the terminal drag coefficient and aspect ratio together with the experimental data
of Table 2.1. The theoretical expressions are detailed in section 4.1. A good correspondence
of the Reynolds is obtained whereas the numerical terminal Weber number is smaller than
the associated experimental values.
In spite of these differences a similarity between the simulation and the corresponding
experiment is observed.
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Figure 8.3: Map of terminal Weber numbers, Weterm, and aspect ratio, χterm, corresponding
to the experimental conditions of Table 2.1 and the 2D numerical result associated to the








Figure 8.4: Map of terminal drag coefficient, Cdterm, and terminal Reynolds number, Reterm,
calculated from equation (4.3) for the experimental conditions of Table 2.1. The result from
the numerical simulation considering the conditions of Table 8.1 (green square). The lines
are described in Figure 4.3.
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8.3 Results and discussion
8.3.1 Process of the bubble-inclined wall collision
In this section we will simulate the interaction of a 2D bubble with an inclined wall as de-
scribed in Chapter 7. The interaction of a 20 mm diameter bubble with a wall considering the
physical properties of Table 8.1, and the configuration illustrated in Figure 3.2 is simulated.
The gravity vector orientation with respect to the vertical direction ranged between 35◦ and
60◦. As detailed in the previous section, the physical parameters were chosen so that the 2D
numerical results may be compared to the experimental conditions E10 in Table 2.1.
Images of the bubble contour during the interaction process are shown in Figure 8.5b for the
20 mm 2D diameter numerical bubble and a 35◦ inclined gravity. Also, images of the contours
of a 1.8 mm diameter experimental bubble rising in water, corresponding to experimental
conditions E10, are shown in Figure 8.5a. In both figures the free rising phase, the inertial
liquid film drainage phase, the lubrication film formation, the restore phase and the bubble
bounce are observed. The behavior of the numerical bubble differs only during the bubble
bounce. Once the numerical bubble is ejected from the wall and its tails is detached, it stops
moving not only normally but also tangentially. This behavior is not observed experimentally
as the tangentially velocity diminishes but always maintains a certain value.
Following this arrest, a behavior similar to the composed motion is observed. De Vries
et al. (2002) reported this particular motion for the interaction of a bubble with a vertical
wall. This phenomenon is attributed to the interaction of the wake and the bubble as it
moves away from the wall. As the bubble moves away and tangentially to the wall, the
wake reorganizes into a vortex blob at the bubble rear. To illustrate this phenomenon, the
vorticity and velocity fields produced numerically at the moment when the bubble changes
of direction, compared to the experimental observations, are shown in Figure 8.6. Here the
vortex blob appears clearly and confirms the physical explanation of the bubble motion. The
generated velocity field is responsible for the strong decrease of the tangential velocity and
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(a)
(b)
Figure 8.5: Bubble motion during the collision with a 35◦ inclined wall for (a) Deq = 1.9 mm,
Rterm = 614 and Weterm = 2.9, corresponding to experiment E10 conditions, from Table
2.1. Bubble motion during the collision with a wall considering a 35◦ inclined gravity for (b)
2D bubble with Deq = 20 mm, Rterm = 560 and Weterm = 2.3, corresponding to numerical
parameters of Table 8.1. The images are composed by superposing bubble positions at
different instants with ∆t = 4 ms for the experimental results and ∆t = 21 ms for the
numerical results. For the experimental observations, the image was rotated to make the
wall appear horizontal.
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Figure 8.6: Visualization of the 2D bubble wake, through the representation of the velocity
and vorticity fields at the beginning of the first bubble bounce, instants before being ejected
farer from the wall. The image was plotted at t Vterm/Deq = 2 for θ = 35
◦ and the numerical
conditions of Table 8.1. The colors show the value of the vorticity, normalized by Vterm/Deq.
the larger normal velocity compared with the experiment. In fact, it can be observed that
this phenomenon may be accentuated by the liquid flow at the right part of the bubble.
Indeed, due to the periodic conditions at the left and right boundaries of the area and the
reduced dimensions of the mesh system, part of the bubble wake is present in a zone where
the liquid should be at rest. Basically, the velocity and the vorticity of the fluid close to the
wall are overestimated. This size limit can explain why this phenomenon appears in the 2D
numerical simulations and not in the experimental situation.
The time evolution of the normal position, the aspect ratio, the normal and tangential velocity
for the experiment and 2D numerical simulation illustrated in Figure 8.5a and 8.5b are shown
in Figure 8.7a, 8.7b, 8.7c and 8.7d, respectively. The numerical parameters evolve in the same
way as the experimental data until the beginning of the bounce. At time t∗ ≃ 1.5, the normal
velocity stops decreasing and maintains a constant positive value. Meanwhile the tangential
velocity decreases abruptly even reaching negative values. By comparison, the experimental
normal velocity keeps on decreasing whereas the tangential velocity is nearly constant. An
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Figure 8.7: Collision of a bubble with a wall inclined of 35◦ from the horizontal in ex-
perimental conditions (red square symbols) Deq = 1.9 mm, Reterm = 614, Weterm = 2.9,
corresponding to experiment E10, from Table 7.1 and in 2D numerical simulation (blue sym-
bols) Deq = 20 mm, Reterm = 560, Weterm = 2.3, corresponding to conditions of Table 8.1.
Evolution of (a) the normalized distance between the bubble centroid and the wall, h/Deq,
(b) the aspect ratio, χ, (c) the normalized normal velocity of the bubble, Vnorm/Vterm and
(d) the normalized tangential velocity of the bubble, Vwall/Vterm as a function of normalized
time, tDeq/Vterm, for the experiment and simulation shown in Figure 8.5a and Figure 8.5b
respectively.
interesting point to note is that this change of behavior occurs as soon as the lower interface
of the bubble reaches the zone of constant mesh size (h ≥ Deq). Hence, a second element of
response for the different behavior is a large mesh size that may result in inexact velocities
in the front part of the bubble during its bounce. This fact affects not only the negative part
of the vortex blobs but also the lift and drag forces.
The evolution of the normal position, aspect ratio, normal and tangential velocities with the
inclination angle is reported in Figure 8.8a, 8.8b, 8.8c and 8.8d, respectively. The figures
are color coded according to the inclination angle. In the same way as for the evolution
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Figure 8.8: Collision of a bubble with a wall inclined of 35◦, 40◦, 45◦, 50◦, 55◦ and 60◦ from
the horizontal plotted in blue, green, red, black, magenta and cyan symbols respectively. The
bubble interacts with the wall in 2D numerical simulation with Deq = 20 mm, Reterm = 560,
Weterm = 2.3. Evolutions of (a) the normalized distance between the bubble centroid and
the wall, h/Deq, (b) the aspect ratio, χ, (c) the normalized normal velocity of the bubble,
Vnorm/Vterm, (d) the normalized tangential velocity of the bubble, Vwall/Vterm.
reported in Chapter 7 the maximum aspect ratio tends to decrease with the inclination angle.
Considering also the comparison with the experimental case of Figure 8.7b, the numerical
reproduction of the shape evolution during the collision process is considered satisfactorily
reproduced by the code. A second important aspect of the collision process is the contact time
(equation (7.3)). Considering that this time begins with the inertial drainage of the liquid
film and ends with the wall impulse, the contact time is −1.5 ≤ t∗ ≤ 1 for all the inclination
angles. During this period, the tangential and normal velocities reproduce the qualitative
evolution with respect to the inclination angle observed experimentally. Finally all the phases
of the tangential velocity evolutions described in Chapter 7 (inertial drainage, first rotation,
capillary response, second rotation and tail detachment) are observed numerically.
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Figure 8.9: Normal ǫnorm (a) and tangential ǫwall (b) coefficients of restitution evolutions
respectively as a function of the ratio of the capillary number and the modified Stokes number
Ca/St. The experimental results are plotted according to the symbols of Table 7.1. The blue
line corresponds to expression (7.17) while the black line corresponds to a fit of expression
(7.16) and the 2D numerical results are plotted using green squares.
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Based on the satisfactory reproduction of the collision process, the tangential and normal
coefficient of restitution evolutions with respect to Ca/St are plotted in Figure 8.9a and
8.9b, respectively. The experimental results obtained with the experimental conditions of
Table 7.1 are also reported considering only the data obtained when θ ≥ 35◦. The normal
coefficient of restitutions are in agreement with the corresponding experimental data, E12
in Table 7.1. Even if a larger coefficient of restitution is observed, an agreement with the
expression proposed by Zenit and Legendre (2009) (blue line) obtained for a higher framing
rate is obtained. Indeed, Zenit and Legendre (2009) studied the collision process with a
higher framing rate (3000 rates per seconds) and obtained an equivalent evolution of the
coefficient of restitution as a function of Ca/St but with larger values. The 2D numerical
results reproduce the normal behavior of the bubble during the oblique collision well. The
range of tangential Weber numbers (Wewall) generated through the simulations is smaller
than the range produced experimentally. However, a good agreement with the experimental
trend is observed. Data for larger range of tangential Weber number are necessary to further
validate the agreement with 2D simulations. As well, a larger range of data either 2D and
3D numerically or experimentally would clarify the physics and allow the formulation of a
theoretical model for the tangential coefficient of restitution. The accuracy of the JADIM
code to reproduce the oblique collision process is therefore confirmed in the normal as well
as the tangential direction. Nonetheless an improvement of the mesh configuration far from
the wall is necessary to reproduce correctly the bounce motion of the bubble.
8.3.2 Steady motions of the bubble
In this section we use the numerical code to study the case of the 2D bubble in its steady
motion, whether it corresponds to the sliding motion or the bouncing motion. Given the
size of the numerical bubble, much larger tangential velocity were obtained in comparison to
the experimental results of E10. Hence the numerical and experimental results are compared
through the dimensionless velocity evolution, V ∗wall = Vwall/Vterm, with the inclination angle
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Figure 8.10: Sliding bubble dimensionless velocities, V ∗wall = Vwall/Vterm, is plotted as a
function of sinθ, where θ is the inclination of the wall with respect to the horizontal direction,
for all the experimental conditions of Table 2.1 using green squares.
in Figure 8.10. It is interesting to note that experimental data of the different physical
parameters of Table 2.1, never cross each other along their evolution with the inclination
angle. As for the numerical simulations, the obtained sliding velocity is close to the results
of experimental spherical shape bubbles at low inclination angles and evolves toward the
velocities evolutions of deformed bubbles as the inclination angle increases.
According to the results shown in Chapter 6, the shape of the 2D sliding bubble gives an
indication on which regime controls the sliding bubble motion. The shape of the sliding
bubble is shown in Figure 8.11 for three different inclination angles. In this same figure the
shape of the bubble in experimental conditions E10 is reported for the same inclination angles.
In line with the observations of section 8.3.1, good agreement is observed. In particular, a
small deformation of the bubble along the axis normal to the wall is observed for all the
sliding motions. Hence considering Chapter 6, the numerical bubbles should slide according
to the gravity-dominated deformation regime associated to a spherical shape. The evolution
of the tangential capillary number Cawall with Bo sin(θ) for the numerical simulations is
presented together with the experimental data of Table 2.1 in Figure 8.12. The numerical
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(a) (b) (c)
(d) (e) (f)
Figure 8.11: Images for the sliding bubbles shape evolution at different inclination angles
in numerical conditions of Table 8.1 upper row and experimental conditions E10 lower row.
The experimental and numerical data associated to the different images are: (a) θ = 5◦,
Rewall = 42, Wewall = 0.01; (b) θ = 25
◦, Rewall = 188, Wewall = 0.29; (c) θ = 50
◦, Rewall =
345, Wewall = 0.73; (d) θ = 5
◦, Rewall = 30, Wewall = 0.06; (e) θ = 25
◦, Rewall = 278,
Wewall = 0.56; (f) θ = 50
◦, Rewall = 420, Wewall = 1.29;
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data evolve according to the blue linear dependence as the experimental data. This result
confirms not only the gravity-dominated deformation regime analysis of the sliding bubbles
but also a similar evolution for 2D bubbles. The sliding motion is controlled by the balance
between viscous drag force and the buoyancy force. Figure 8.13 shows the experimental drag
coefficient of the sliding bubbles whose motion is controlled by the viscous regime. As shown
in Figure 8.13, equation (6.20) agrees well with the numerical drag coefficient for the spherical
sliding bubbles. The different trend between these two equations confirms the existence of two
dynamic regimes for the gravity-dominated deformation depending on whether the sliding
bubble is spherical or deformed.
Considering now the transition between sliding and bouncing motion, the wake of the bubble
controls the transition. As detailed in Chapter 5, the wake generated at the rear of the
bubble during its sliding motion induces a lift force on the bubble. This repulsive lift force
balances the buoyancy force; when it becomes larger than the normal component of the
buoyancy force, the transition is observed. The 2D vorticity field around the sliding bubble
in experimental condition E10 against a 50◦ inclined wall, obtained experimentally is shown
in Figure 8.14b. The vorticity field obtained numerically for a bubble sliding against a
50◦ inclined wall with the configuration detailed in Table 8.1 is presented in Figure 8.14a.
Similarly to the experiments, the numerical vorticity field shows important vortex shedding in
the bubble wake. Yet the asymmetry is much more pronounced compared to the experimental
observations because of the weak production of negative vorticity on the side opposite to the
wall. To clarify this difference the time evolution of the vorticity field during the wake
formation, while the bubble is sliding, is presented in Figure 8.15. Images are separated by
a constant time interval of 84 ms. The flow field close to the wall in front of the bubble
remains important during the whole process of wake formation. This flow results actually
from the limited dimensions of the mesh system and the periodic condition at the left and
right boundary of the domain. The value of the wake induced lift force is also affected by
the vorticity intensity at the rear of the bubble resulting from the interaction of the front
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Figure 8.12: Map of wall capillary number, Cawall, and projected Bond number, Bo sin θ,
calculated for the experimental conditions of Table 2.1 and plotted according to the corre-
sponding symbol codes as well as the numerical results plotted using green squares. The blue
and cyan continuous lines correspond to a fit of the spherical and deformed bubbles data
respectively with a linear trend. This figure represents the Stokes force term as a function of











Figure 8.13: Map of wall drag coefficient, Cdwall as defined in equation (6.19), and wall
Reynolds number, Rewall, calculated for the experimental conditions of Table 2.1 that belong
to the viscous regime (χwall > 1) and plotted according to the corresponding symbol codes
as well as the numerical data of Table 8.1. The theoretical lines are explained in detail in
the legend of Figure 6.10.
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Figure 8.14: Visualization of the bubble wake for a sliding bubble, slightly below the transi-
tion angle (θ = 50◦ in numerical and experimental cases). The images was taken at steady
sliding (a) tVterm/Deq = 37 for the numerical conditions of Table (8.1) and θ = 50
o and
(b) tVterm/Deq = 54 for E10 in Table (2.1) and θ = 50
◦. The colors show the value of the
vorticity, normalized by Vterm/Deq.
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Figure 8.15: Temporal evolution of the bubble wake formation for a sliding bubble, slightly
below the transition angle (θ = 50◦ in numerical and experimental cases). The images
was taken at steady sliding motion with a constant space time ∆t = 84ms for the numerical
conditions of Table (8.1). The colors show the value of the vorticity, normalized by Vterm/Deq
.
flow with the rear flow due to periodic boundary conditions. The vorticity production is
affected in the same way but without the confinement effect of the wall. As a result, the
wake effect responsible for the transition of regime is not represented through the present
numerical configuration because it reproduces a bubble line sliding under the wall. The
criteria of transition proposed in Chapter 5 is not reproduced in 2D simulation as observed
in Figure 8.16. We can see there that the transition occurs for a larger inclination angle
than the proposed condition. In other words, the lift force is underestimated considering a
periodic 2D bubble line configuration. With regard to the bouncing motion, a small wall
Reynolds value is then reported in Figure 8.15.
In Figure 8.17a and Figure 8.17b the time evolution of the normal position and tangential
velocity of the 20 mm diameter bubble interacting with a wall considering a 55◦ inclined
gravity is plotted. Clearly the mean tangential velocity reported is affected by the mesh
size far from the wall. A strong decrease of the tangential velocity at the beginning of each
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Figure 8.16: Conditions for transition for the viscous regime of motion: Rewall as a function
of cot θ. The symbols are according to Table 2.1 and Table 8.1. In all cases, the filled and
empty symbols show the experiments in which sliding or bouncing was observed, respectively.
The black stars are the data from Tsao and Koch (1997); the (∗) and (×) symbols are results
from Takemura and Magnaudet (2003) and De Vries et al. (2002), respectively. The black
line corresponds to Eqn.(5.4).



























Figure 8.17: Numerical collision of a bubble with a wall inclined of 60◦ from the horizontal in
conditions Deq = 20 mm, Reterm = 560, Weterm = 2.3, corresponding to conditions of Table
8.1. Evolution of (a) the normalized distance between the bubble centroid and the wall,
h/Deqand (b) the normalized tangential velocity of the bubble, Vwall/Vterm as a function of
normalized time, tDeq/Vterm.
Barbosa Christophe Page 127 of 161
Chapter 8. 2D Numerical results of bubble interaction with an inclined wall
bounce results in the small wall Reynolds number value observed in Figure 8.16 due to the
bubble line interaction.
8.4 Conclusion and future work
The interaction of a 2D 20 mm diameter bubble with a wall, considering a gravity inclination
varying from 5◦ to 60◦ from the vertical have been simulated. The physical parameters of
the problem (ρl, ρl, µl, µg, σ, g) were chosen such that the Morton and Bond numbers were
the same as those of a 1.8 mm real bubble in water corresponding to experimental conditions
E10. In this way the 2D numerical simulation may be compared to the experimental results
of E10 to evaluate the capacity of the 2D simulation to reproduce the main behaviors ob-
served in experiments. In some simulations the bubble reached the wall with a certain inertia
whereas in other simulations the bubble initiated its motion close to the wall.
With regard to the oblique collision process, the phases of inertial liquid drainage, lubrication
film formation, capillary response and restitution, as detailed in Chapter 7, were well repro-
duced. Apart from the different phases, agreement is also obtained with the experimental
normal coefficient of restitution and expression proposed by Zenit and Legendre (2009). As
for the tangential coefficient of restitution, despite the different range of tangential Weber
number produced, the 2D numerical results followed the trend observed experimentally. Dif-
ferent physical parameters will be considered in the future to generate the correct range of
tangential Weber number. In contrast, during the bouncing motion when the bubble inter-
face achieves a certain mesh size, the mesh refinement is no longer satisfactory and the lift
force acting on the bubble is overestimated. Therefore whether to reproduce the first bounce
or the steady bouncing motion of the bubble, the numerical configuration is here describing
a bubble line due to the periodic condition. A new mesh system that consists in a much
smaller mesh size far from the wall and of larger extend in the direction parallel to the wall
has to be considered to obtain the bouncing motion of a single bubble.
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The sliding motion of the bubble reproduced closely the behavior of the 1.8 mm diameter
bubble in water. The bubble slides according to the viscous regime scaling law and the evo-
lution of its drag coefficient was fitted by the model established in Chapter 6. Due to a mesh
length smaller than the bubble wake extend, the liquid located in front of the bubble during
its sliding motion is still in motion as part of the wake whereas it is at rest experimentally.
The negative vorticity production at the bubble side opposite to the wall extends on a dis-
tance larger than the mesh system width. The wake induced lift force is clearly affected and
the transition criteria established in Chapter 5 is then impacted.





The aim of the thesis was to study the interaction of a bubble with an inclined wall. It is
partly motivated from the transition of behavior observed by Tsao and Koch (1997) for a
bubble in water. The steady motion of the bubble passes from a sliding motion to a periodical
bouncing motion as the inclination angle increases. Despite the presence of similar transi-
tions in a large number of situations, no clear conditions of transition have been proposed
to date. The second objective of the thesis was to extend the idea of Zenit and Legendre
(2009) to characterise the bubble-wall collision process through a coefficient of restitution to
the inclined wall configuration.
An experimental setup was designed to produce the interaction of a bubble, in its terminal
state conditions, with an inclined wall in a viscous fluid. The bubble shape and motion were
observed with a high speed camera. The PIV technique was used to quantify to the flow field
generated in the fluid during the interaction. Experiments were conducted for a wide range
of liquid-bubble properties and a wall inclination angle ranging from 5◦ to 80◦. Accordingly,
an extended range of dimensionless numbers was obtained. The numerical code JADIM was
used to also study the interaction process in a 2D geometry. The JADIM code used for the
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thesis is based on a second order space and time finite volume method. The simulations
were conducted using a fixed non uniform Cartesian mesh system. Considering a fine mesh
refinement close to the wall, the interaction between the bubble interface and the pressure
film was reproduced accurately.
When the bubble interacts with the inclined wall at a terminal state conditions, it eventually
reaches a new steady state. This steady motion depends exclusively on the wall inclina-
tion and the bubble-liquid properties. Based on the wide range of experimental conditions
considered here, a criteria for the transition between the sliding motion and the collisional
mode motion is proposed. Considering a simple force balance on the sliding bubble, the wake
induced lift force is balanced with the normal buoyancy in the normal direction. Hence, the
transition of behavior occurs when this lift force is higher than the buoyancy force. Two
regimes of transition were found according to the bubble deformation. For small deforma-
tions, the drag force is scaled by a viscous law. As a result, a linear relation between the
tangential Reynolds number and the cotangent of the inclination angle defines the limit of
regimes of motion. Conversely, when a large deformation of the bubble is observed, the drag
force is scaled with an inertial law. Hence, a constant inclination angle is predicted for the
transition. Both conditions were validated with the experiments. The same force balance
was applied along the tangential direction for the study of the sliding motion. Again, two
behaviors were found depending on whether the viscous or inertial regimes controlled the
bubble motion. A new definition of the aspect ratio is introduced to discern the two regimes
of motion. This wall aspect ratio is calculated using the bubble axes perpendicular and par-
allel to the wall instead of the major and minor axes respectively. Accordingly, when the
shape of the sliding bubble is associated to wall aspect ratio smaller than one, a viscous law
scales the drag force. Conversely, an inertial drag force is used in the force balance when
the wall aspect ratio is larger than a unity. For the viscous regime of motion, the force
balance proposed by Aussillous and Que´re´ (2002) is applied and a linear relation between
the wall capillary number and the tangential Bond number is obtained. In view of the ex-
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perimental conditions, the results differed from the theory because of the bubble interface
contamination and the bubble deformation. Considering corrections for the bubble velocity
based on the expressions of Schiller and Naumann (1933) and Moore (1965) respectively, the
corrected velocities agreed well with the theoretical expression. Based on the viscous nature
of the drag force, a model of the drag coefficient based on the additive contribution of the
potential-flow correction and the drag correction due to the vorticity production at the wall
is proposed. For the inertial regime of motion, the force balance shows a constant tangential
Froude number associated to the sliding motion. Accordingly, a constant drag coefficient is
observed. The same inertial behavior was observed for the bouncing motion of the bubble.
A detailed analysis of the tangential velocity showed that its time evolution is controlled by
the lift, drag and buoyancy forces. Regarding the bouncing motion, the inertial force balance
is considered. However, the bouncing motion of the bubble is explored for contaminated and
strongly deformed bubbles. Therefore, the associated corrections have to be applied to the
experimental results to obtain a constant drag coefficient.
The process of collision of a bubble, in its terminal state conditions, with an inclined wall
is also studied. First, a careful analysis of the different phases of the process was proposed
considering the high speed camera visualizations. Before the bubble impacts the wall, its
velocity begins to decrease under the inertial liquid film drainage effect. Once the bubble
impacts the wall, the lubrication film is formed. After a certain time, and while the bubble is
rotating, its shape evolves toward a spherical shape. Once the major axis of the bubble aligns
with the wall direction the restore phase begins. During this phase, the bubble is pushed
normally and rotates in the opposite direction. This second rotation results in a decrease
of the lubrication film size. The wall impulse stops when the major axis of the bubble is
aligned with the normal direction. Due to the normal and tangential velocities evolutions
during these phases, the beginning of the liquid film inertial drainage and the end of the
wall impulse are chosen as initial and final times for the oblique collision process. Because
of the wall inclination and the 2D and 3D bubble trajectories before the collision, a normal
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and a tangential coefficient of restitutions have to be considered. The normal coefficient of
restitution, based on the normal velocity evolution scaled with Canorm/St
∗
norm matching the
results of Zenit and Legendre (2009). A model, based on a mass spring system, was estab-
lished for the normal collision of a bubble with a horizontal wall. The tangential coefficient of
restitution is an indirect measure of the energetic dissipation from the competition between
the bubble inertia and its surface energy. Thus, the tangential Weber number is the correct
dimensionless number to characterize the tangential coefficient of restitution. Despite the
experimental uncertainty, a constant tangential coefficient of restitution was observed.
Finally, in the last part of the thesis the capacity of 2D numerical simulation to reproduce
the bubble-inclined wall interaction was tested. The 2D simulation of the interaction was
conducted in equivalent conditions as the experimental data. Excellent reproductions of the
sliding motion and the collision process were obtained. The simulation parameters were cho-
sen in such a way that the viscous regime controls the sliding motion. On the other hand,
the 2D simulations were not able to completely reproduce the condition of transition and the
bouncing motion. One problem resulted from the limits of the mesh size and the second was
attributed to the periodic boundary condition. First the dimension of the area did not allow
the wake to develop completely and the simulation reproduced a 2D bubble line configura-
tion. Provided a new mesh system adapted to the problem, the 2D simulation are expected
to reproduce the bubble-inclined wall interaction correctly.
9.2 Perspectives
The problem on the transition of behavior addressed by Tsao and Koch (1997) has been sat-
isfactorily answered. However, as it happens for almost all research project, the resolution of
one problem lead to many new questions. In particular, one major phenomenon that remains
unexplained is the composed bouncing motion. Already reported by De Vries et al. (2002),
this strange bubble motion is likely to be explained using numerical simulations. We foresee
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the wake configuration to be the key to answer that problem. The transition from sliding
to bouncing, as well as their respective motions, have each been characterised depending
on whether the viscous or inertial regime controlled the bubble motion. Accordingly, a new
problem is to determine which regime the bubble belongs to. Though the mean tangential
behavior of the sliding bubbles have been explained, the collisional modes have hardly been
solved. Data of collision frequency, bounce amplitudes or coefficient of restitution for exam-
ple still have to be studied in detail. A wider range of dimensionless parameters has to be
considered, numerically or experimentally, to complete the study of the phenomenon. The
oblique collision study is only a first step toward the formulation of a theoretical model for
the tangential coefficient of restitution. 3D Numerical simulations will be the key to measure
the flow details not accessible in experiments. Finally, the inertial liquid film drainage theory
of Zenit and Legendre (2009) could be extended to also account for the tangential motion of
the bubble.
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Nomenclature
αk Runge Kutta scheme coefficient
β Angle between the bubble major axis and the wall direction
βk Runge Kutta scheme coefficient
χterm Free rising bubble aspect ratio
χwall Steady bubble-wall aspect ratio
∆xi,j Horizontal dimension of the mesh i,j
∆yi,j Vertical dimension of the mesh i,j
ǫnorm Coefficient of restitution based on the normal velocity
ǫwall Coefficient of restitution based on the tangential velocity
η Normal deformation of the bubble during the collision
γk Runge Kutta scheme coefficient
κ−1 Capillary length
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νb Bubble volume
ω Fluid vorticity
φ Potential solution of the Poisson equation
ρ Liquid Density
ρS Solid particle density
σ Surface tension
Σi,j Viscous stress tensor
τi,j Stress tensor
θ Inclination angle of the wall with respect to the horizontal direction
θtrans Inclination angle of transition of regime of steady-state bubble motion
ϕ Level set function
ξi Physical coordinates
ζk Runge Kutta scheme coefficient
CAM Added mass coefficient
Caterm Free rising bubble Capillary number
Caterm Steady bubble-wall Capillary number
Cdterm Free rising bubble drag coefficient
Cdwall Steady bubble-wall drag coefficient
Deq Bubble equivalent diameter based on a sphere with the same volume
dma Bubble equivalent ellipsoid major axis
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dmi Bubble equivalent ellipsoid minor axis
E∆,S Bubble surface energy
ED Bubble dissipated energy
Ek Bubble kinetic energy
Fσ,S Numerical Capillary force
hfilm Thickness of the lubrication film
Hj Numerical terms of curvature
kd Empirical correction coefficient for the drag coefficient of a bubble due to interface
contamination
lfilm Length of the contact between the liquid and the bubble interface
m∗ Total mass involved by the collision of a bubble/drop
Reterm Free rising bubble Reynolds number
Rewall Steady bubble-wall Reynolds number
St∗norm Modified Stokes number based on the normal velocity
St∗wall Modified Stokes number based on the tangential velocity
Vbounce Bubble velocity after impacting the wall
Vcontact Bubble velocity before impacting the wall
Vnorm Bubble velocity in the direction normal to the wall
Vterm Free rising Bubble velocity
Vwall Bubble velocity in the direction tangential to the wall
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Weterm Free rising bubble Webber number
Wewall Steady Bubble-wall Webber number
n Normal Vector
t Tangential vector
A Bubble interface area
Bo Bond Number
C VoF function, volume fraction
G Moore correction coefficient for the drag coefficient of a bubble due to its deformation
g Gravity acceleration
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from Takemura and Magnaudet (2003) and De Vries et al. (2002), respectively. 53
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5.2 Images for all bubbles in the sliding motion, at an angle just below the tran-
sition. The symbols are according to Table 2.1. (a) Exp.1, Rewall = 106,
Wewall = 1.07, θ = 75
o; (b) Exp. 7, Rewall = 311, Wewall = 0.71, θ = 50
o;
(c) Exp. 10, Rewall = 522, Wewall = 1.57, θ = 40
o; (d) Exp. 8, Rewall = 627,
Wewall = 1.63, θ = 40
o. Images are shown on the same scale. . . . . . . . . . 54
5.3 Conditions for transition: (a) Wewall < 1.2, Wall Reynolds, Rewall as a func-
tion of cot θ; (b); Wewall > 1.5, Wall Weber, Wewall, as a function of inclina-
tion angle, θ. The symbols are according to Table 2.1. In all cases, the filled
and empty symbols show the experiments in which sliding or bouncing was
observed, respectively. The black squares, (), are the data from Tsao and
Koch (1997); the (∗) and (×) symbols are results from Takemura and Mag-
naudet (2003) and De Vries et al. (2002), respectively. The dashed line in (a)
corresponds to Eqn.(5.4). The vertical dashed-dotted line in (b) corresponds
to θ = 43.7o. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
6.1 Sliding bubble velocities, Vwall, as a function of sinθ, where θ is the inclination
of the wall with respect to the horizontal direction, for all the experimental
conditions of Table 2.1 are plotted according to the corresponding symbol codes. 61
6.2 Illustration of the parameters of scaling of the lubrication force, for a 2.8 mm
diameter bubble in experimental conditions E5 and a wall inclination of 10◦. 62
6.3 Map of wall capillary number, Cawall, and projected Bond number, Bo sin θ,
calculated for the experimental conditions of Table 2.1 and plotted according
to the corresponding symbol codes. The blue and cyan continuous lines corre-
spond to a fit of the contaminated and clean bubbles data respectively with a
linear trend. This figure represents the Stokes force term as a function of the
buoyancy term in equation (6.6) . . . . . . . . . . . . . . . . . . . . . . . . . 63
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6.4 Evolution of Ca
2/3
wall × Bo1/2 as a function of the projected Bond number,
Bo sin θ, calculated for the experimental conditions of Table 2.1 and plot-
ted according to the corresponding symbol codes. This figure represents the
lubrication force term as a function of the buoyancy term in equation (6.6) . 64
6.5 Images for the sliding bubbles shape evolution at different inclination angles
in experimental conditions E3. (a) Rewall = 59, Wewall = 0.04, Deq = 1.7
mm, (b) Rewall = 119, Wewall = 0.16, Deq = 1.7 mm, (c) Rewall = 169,
Wewall = 0.33, Deq = 1.7 mm, (d) Rewall = 204, Wewall = 0.48, Deq = 1.7
mm, (e) Rewall = 228, Wewall = 0.60, Deq = 1.7 mm. The subcaption reports
the corresponding inclination angle. Images are shown with the same scale. . 65
6.6 Evolution of the wall aspect ratio, χwall, defined in equation 6.7 as a function
of the wall Weber number, Wewall, for all experimental conditions of Table
2.1 plotted according to the associated symbol codes. The criteria of sliding
regime transition, χwall = 1 is plotted in blue line. . . . . . . . . . . . . . . . 66
6.7 Map of wall capillary number, Cawall, and projected Bond number, Bo sin θ,
calculated for the experimental conditions of Table 2.1 that belong to the vis-
cous regime (χwall > 1) and plotted according to the corresponding symbol
codes. The blue and cyan continuous lines correspond to a fit of the con-
taminated and clean bubbles data respectively with a linear trend. This figure
represents the Stokes force term as a function of the buoyancy term in equation
(6.6). In empty symbols are plotted the data corrected according to equation
(6.10) or equation (6.12). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
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6.8 Map of terminal drag coefficient, Cdterm, and terminal Reynolds number,
Reterm, calculated thanks to equation (4.3) for the experimental conditions
of Table 2.1 and plotted according to the corresponding symbol codes. The
green red and black continuous lines correspond to Moore (1965), Maxworthy
et al. (1996) and Schiller and Naumann (1933) expressions respectively. For
the green line an aspect ratio of 1 is taken in the corresponding drag coeffi-
cient expression proposed by Moore (1965). In Magenta line a fit of the Moore
(1965) expression on some experimental data is presented. The drag coeffi-
cient evolution, taking into account the shape evolution of the bubble given
by Moore (1965) is shown in orange, cyan and blue lines for Mo = 5 × 10−9,
Mo = 1 × 10−9 and Mo = 2 × 10−11 respectively. The empty symbols corre-
sponds to the data corrected according to equation (6.10) or equation (6.12). 70
6.9 Map of wall capillary number, Cawall, and projected Bond number, Bo sin θ,
calculated for the experimental conditions of Table 2.1 that belong to the vis-
cous regime (χwall > 1) and plotted according to the corresponding symbol
codes. The blue and cyan continuous lines correspond to a fit of the con-
taminated and clean bubbles data respectively with a linear trend. This figure
represents the Stokes force term as a function of the buoyancy term in equation
(6.6). In empty symbols are plotted the data corrected according to equation
(6.10) or equation (6.12). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
6.10 Map of wall drag coefficient, Cdwall as defined in equation (6.19), and wall
Reynolds number, Rewall, calculated for the experimental conditions of Table
2.1 that belong to the viscous regime (χwall > 1) and plotted according to
the corresponding symbol codes. The green red and black lines correspond to
equation (6.18), equation (6.20) and the empirical relation proposed by Tsao
and Koch (1997) (Cdwall =
100
Re
) respectively. In empty symbols are plotted
the data corrected according to equation (6.10) or equation (6.12). . . . . . . 73
Barbosa Christophe Page 145 of 161
List of Figures
6.11 Map of wall Froude number, Frwall defined by equation (6.22), and cos θ,
calculated for the experimental conditions of Table 2.1 that belong to the
Inertial regime (χwall < 1) and plotted according to the corresponding symbol
codes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
6.12 Map of wall drag coefficient, Cdwall as defined in equation (6.19), and wall
Reynolds number, Rewall, calculated for the experimental conditions of Table
2.1 that belong to the inertial regime (χwall < 1) and plotted according to the
corresponding symbol codes. The vertical axis is the same as in Figure 6.10
to make possible a comparison between the two regime . . . . . . . . . . . . 75
6.13 Mean tangential bubble velocities, Vwall, for the bubbles in the bouncing regime
as a function of sin(θ), whith θ the inclination angle. As well, the error
bars represent the standard deviation of the associated tangential velocity
considering the bouncing motion. All data of Table 2.1 are presented with the
corresponding symbol codes. . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
6.14 Steady bounce of a bubble for inclination angles larger than the transition
angle. The steady motion of a 1.6 mm diameter bubble in experimental con-
ditions E6, from Table 2.1, is reported for a 65◦ inclined wall. In empty
symbol is reported the tangential velocity evolution of the bubble during the
bounce phase, whereas the full symbols correspond to the contact phase. (a)
dimensionless distance, h/Deq, and (b) tangential velocity evolutions, Vwall, are
shown for one steady bounce as a function of the dimensionless time, tVterm/Deq. 80
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6.15 Steady bounce of a bubble for inclination angles larger than the transition
angle. The steady motion of a 1.6 mm diameter bubble in experimental condi-
tions E6, from Table 2.1, is reported for inclination angles of 65◦, 70◦, 75◦ and
80◦. The associated data are represented in red, blue, magenta and cyan colors
respectively. In empty symbol is reported the tangential velocity evolution of
the bubble during the bounce phase, whereas the full symbols correspond to
the contact phase. The tangential velocity evolution, Vwall, is shown for one
steady bounce as a function of the dimensionless time, tVterm/Deq. . . . . . . 81
6.16 Map of the wall drag coefficient, Cdwall, and wall Reynolds numbers, Rewall,
obtained for the bouncing motions of bubbles calculated thanks to equation
(6.19) for the experimental conditions of Table 2.1 and plotted according to
the corresponding symbol codes. The data reported correspond to the mean
tangential velocities of the bubble for inclination angles larger than the tran-
sition angle. In empty symbols the corrected wall drag coefficient, considering
either equation (6.10) or equation (6.12) are shown. . . . . . . . . . . . . . . 82
7.1 Schematic representation of the angle β measured between the major axis of
the bubble, dashed line, and the wall direction, solid black line. Point A and B
are the point located on the bubble and the major axis. The figure is rotated so
the tangential direction of the inclined wall is horizontal. In the configuration
represented the point A is the first point to collide the wall. . . . . . . . . . 86
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7.2 Collision of a bubble with a wall inclined of 30◦ from the horizontal in exper-
imental conditions Deq = 1.3mm, Reterm = 139, Weterm = 1.8, corresponding
to experiment E13, from Table 7.1. The bubble contour resulting from the
Legendre polynomial expansion, the major and minor axis of the bubble are
represented in solid green, red and blue lines respectively at every step time.
The wall location is shown in black line. For each image the corresponding
dimensionless time t∗ = t Vterm/Deq is written on top of the subcaption. Note
that the image was rotated to make the wall appear horizontal. . . . . . . . 88
7.3 Collision of a bubble with a wall inclined of 30◦ from the horizontal in experi-
mental conditions Deq = 1.3 mm, Reterm = 139, Weterm = 1.8, corresponding
to experiment E13, from Table 7.1. Evolution of (a) the normalized distance
between the bubble centroid and the wall, h/Deq, (b) the aspect ratio, χ, (c)
the normalized normal velocity of the bubble, Vnorm/Vterm, (d) the normalized
tangential velocity of the bubble, Vwall/Vterm, (e) the Major and Minor axis
of the bubble (mm) in red and blue respectively, the β angle in degree as a
function of normalized time, tDeq/Vterm, for the experiment shown in Figure








4 used in the description of
the collision process are plotted in each graph in blue, red, black, green and
magenta lines respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
7.4 Schematic representation of the two bubbles rotations during the bubble-wall
collision. First when the bubble impacts the wall (a) and the lubrication film
starts to form and then when the restore phase begins (b) and until the bubble
tail detach from the wall. The wall location is represented with a thick black
line whereas the major axis of the bubble is represented with a thin black line.
The red arrows show the corresponding direction of rotation of the bubble
during each phase. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
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7.5 Collision of a bubble with a wall inclined of 15◦, 30◦, 45◦ and 60◦ from the
horizontal plotted in blue, red black and green symbols respectively. The
bubble interacts with the wall in experimental conditions Deq = 1.3 mm,
Reterm = 139, Weterm = 1.8, corresponding to experiment E13, from Table
7.1. Evolutions of (a) the normalized distance between the bubble centroid and
the wall, h/Deq, (b) the aspect ratio, χ, (c) the normalized normal velocity of
the bubble, Vnorm/Vterm, (d) the normalized tangential velocity of the bubble,
Vwall/Vterm, (e) the major and minor axes of the bubble (mm) in red and blue
respectively, the β angle in degree as a function of normalized time, t Vterm/Deq. 93
7.6 Collision of a bubble with a wall inclined of (a) 15◦, (b) 30◦, (c) 45◦ and (d)
60◦. The bubble interacts with the wall in experimental conditions Deq = 1.3
mm, Reterm = 139, Weterm = 1.8, corresponding to experiment E13, from
Table 7.1. In each graph the evolutions of normal kinetic energy, Ek,norm (red
symbols), the tangential kinetic energy, Ek,wall (blue symbols), surface energy,
E∆,S (black symbols) and dissipation energy, ED (green symbols) as a function
of normalized time, t Vterm/Deq. . . . . . . . . . . . . . . . . . . . . . . . . . 98
7.7 Images of bubble in its terminal states (a) and at the end of the inertial
drainage of the liquid film phase (b). The bubble interacts in experimental
conditions E13 corresponding to Deq = 1.3 mm, Reterm = 139, Weterm = 1.8.
Images are shown at the same scale. . . . . . . . . . . . . . . . . . . . . . . . 98
7.8 Coefficient of restitution based on the bubble normal velocity ǫnorm as a func-
tion of the ratio of the capillary number and the modified Stokes number based
on the normal velocity Canorm/St
∗
norm. The experimental results are plotted
according to the symbols of Table 7.1. The blue line corresponds to expression
(7.17) while the black line corresponds to a fit of expression (7.16) considering
all the experimental data except the one corresponding to conditions E12 and
E13. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
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7.9 Coefficient of restitution based on the bubble tangential velocity ǫwall as a
function of (a) the Weber number based on the tangential velocity Wewall,
(b) the Reynolds number based on the tangential velocity Rewall and (b) the
Capillary number based on the tangential velocity Cawall. The experimental
results are plotted according to the symbols of Table 7.1. The empty and solid
symbols show the results obtained when the bubble interacts with the wall
according to the one-way (Figure 7.4) and to the reversed collision process
(Figure 7.10), respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
7.10 Collision of a bubble with a wall inclined of 5◦ from the horizontal in experi-
mental conditions Deq = 1.9 mm, Reterm = 635, Weterm = 2.6, corresponding
to experiment E12, from Table 7.1. Time series ordered from top left to bot-
tom right, ∆t = 3.42 ms illustrating the reversed collision of a bubble. For
each image the area shown is the same. . . . . . . . . . . . . . . . . . . . . . 106
7.11 Coefficient of restitution based on the bubble tangential velocity ǫwall as a
function of the non dimensional group Ca/St. The experimental results are
plotted according to the symbols of Table 7.1. Empty and solid symbols show
the results obtained when the bubble interacts with the wall according to
the one-way (Figure 7.4) and to the reversed collision process (Figure 7.10),
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
8.1 Shape regime for the bubbles and drops in unhindered gravitational motion
through liquids of Clift et al. (1978). The circle represents the experimental
data E10 whose dimensionless numbers are Mo = 2.14× 10−11 , Bo = 0.36 . 111
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8.2 Images of the shape of the free rising bubbles, respectively produced by the 2D
numerical simulation (a) and experimentally recorded (b). The free rise of the
bubble was simulated under the conditions of Table 8.1 and in experimental
conditions E10 of Table 2.1 leading to the conditions: (a) Reterm = 560,
Weterm = 2.30, χterm = 1.34 and Deq = 20 mm and (b) Reterm = 614,
Weterm = 2.9, χterm = 1.78 and Deq = 1.6 mm . . . . . . . . . . . . . . . . . 112
8.3 Map of terminal Weber numbers, Weterm, and aspect ratio, χterm, correspond-
ing to the experimental conditions of Table 2.1 and the 2D numerical result
associated to the conditions of Table 8.1 (green square). The continuous lines
are described in Figure 4.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
8.4 Map of terminal drag coefficient, Cdterm, and terminal Reynolds number,
Reterm, calculated from equation (4.3) for the experimental conditions of Table
2.1. The result from the numerical simulation considering the conditions of
Table 8.1 (green square). The lines are described in Figure 4.3. . . . . . . . . 113
8.5 Bubble motion during the collision with a 35◦ inclined wall for (a) Deq = 1.9
mm, Rterm = 614 and Weterm = 2.9, corresponding to experiment E10 condi-
tions, from Table 2.1. Bubble motion during the collision with a wall consid-
ering a 35◦ inclined gravity for (b) 2D bubble with Deq = 20 mm, Rterm = 560
and Weterm = 2.3, corresponding to numerical parameters of Table 8.1. The
images are composed by superposing bubble positions at different instants
with ∆t = 4 ms for the experimental results and ∆t = 21 ms for the numerical
results. For the experimental observations, the image was rotated to make the
wall appear horizontal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
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8.6 Visualization of the 2D bubble wake, through the representation of the velocity
and vorticity fields at the beginning of the first bubble bounce, instants before
being ejected farer from the wall. The image was plotted at t Vterm/Deq = 2
for θ = 35◦ and the numerical conditions of Table 8.1. The colors show the
value of the vorticity, normalized by Vterm/Deq. . . . . . . . . . . . . . . . . 116
8.7 Collision of a bubble with a wall inclined of 35◦ from the horizontal in ex-
perimental conditions (red square symbols) Deq = 1.9 mm, Reterm = 614,
Weterm = 2.9, corresponding to experiment E10, from Table 7.1 and in 2D nu-
merical simulation (blue symbols) Deq = 20 mm, Reterm = 560, Weterm = 2.3,
corresponding to conditions of Table 8.1. Evolution of (a) the normalized dis-
tance between the bubble centroid and the wall, h/Deq, (b) the aspect ratio,
χ, (c) the normalized normal velocity of the bubble, Vnorm/Vterm and (d) the
normalized tangential velocity of the bubble, Vwall/Vterm as a function of nor-
malized time, tDeq/Vterm, for the experiment and simulation shown in Figure
8.5a and Figure 8.5b respectively. . . . . . . . . . . . . . . . . . . . . . . . . 117
8.8 Collision of a bubble with a wall inclined of 35◦, 40◦, 45◦, 50◦, 55◦ and 60◦ from
the horizontal plotted in blue, green, red, black, magenta and cyan symbols
respectively. The bubble interacts with the wall in 2D numerical simulation
with Deq = 20 mm, Reterm = 560, Weterm = 2.3. Evolutions of (a) the
normalized distance between the bubble centroid and the wall, h/Deq, (b) the
aspect ratio, χ, (c) the normalized normal velocity of the bubble, Vnorm/Vterm,
(d) the normalized tangential velocity of the bubble, Vwall/Vterm. . . . . . . . 118
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8.9 Normal ǫnorm (a) and tangential ǫwall (b) coefficients of restitution evolutions
respectively as a function of the ratio of the capillary number and the modified
Stokes number Ca/St. The experimental results are plotted according to the
symbols of Table 7.1. The blue line corresponds to expression (7.17) while
the black line corresponds to a fit of expression (7.16) and the 2D numerical
results are plotted using green squares. . . . . . . . . . . . . . . . . . . . . . 119
8.10 Sliding bubble dimensionless velocities, V ∗wall = Vwall/Vterm, is plotted as a
function of sinθ, where θ is the inclination of the wall with respect to the
horizontal direction, for all the experimental conditions of Table 2.1 using
green squares. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
8.11 Images for the sliding bubbles shape evolution at different inclination angles in
numerical conditions of Table 8.1 upper row and experimental conditions E10
lower row. The experimental and numerical data associated to the different
images are: (a) θ = 5◦, Rewall = 42, Wewall = 0.01; (b) θ = 25
◦, Rewall = 188,
Wewall = 0.29; (c) θ = 50
◦, Rewall = 345, Wewall = 0.73; (d) θ = 5
◦, Rewall =
30, Wewall = 0.06; (e) θ = 25
◦, Rewall = 278, Wewall = 0.56; (f) θ = 50
◦,
Rewall = 420, Wewall = 1.29; . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
8.12 Map of wall capillary number, Cawall, and projected Bond number, Bo sin θ,
calculated for the experimental conditions of Table 2.1 and plotted according
to the corresponding symbol codes as well as the numerical results plotted
using green squares. The blue and cyan continuous lines correspond to a fit of
the spherical and deformed bubbles data respectively with a linear trend. This
figure represents the Stokes force term as a function of the buoyancy term in
equation (6.6) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
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8.13 Map of wall drag coefficient, Cdwall as defined in equation (6.19), and wall
Reynolds number, Rewall, calculated for the experimental conditions of Table
2.1 that belong to the viscous regime (χwall > 1) and plotted according to the
corresponding symbol codes as well as the numerical data of Table 8.1. The
theoretical lines are explained in detail in the legend of Figure 6.10. . . . . . 124
8.14 Visualization of the bubble wake for a sliding bubble, slightly below the tran-
sition angle (θ = 50◦ in numerical and experimental cases). The images was
taken at steady sliding (a) tVterm/Deq = 37 for the numerical conditions of
Table (8.1) and θ = 50o and (b) tVterm/Deq = 54 for E10 in Table (2.1) and
θ = 50◦. The colors show the value of the vorticity, normalized by Vterm/Deq. 125
8.15 Temporal evolution of the bubble wake formation for a sliding bubble, slightly
below the transition angle (θ = 50◦ in numerical and experimental cases).
The images was taken at steady sliding motion with a constant space time
∆t = 84ms for the numerical conditions of Table (8.1). The colors show the
value of the vorticity, normalized by Vterm/Deq . . . . . . . . . . . . . . . . . 126
8.16 Conditions for transition for the viscous regime of motion: Rewall as a function
of cot θ. The symbols are according to Table 2.1 and Table 8.1. In all cases, the
filled and empty symbols show the experiments in which sliding or bouncing
was observed, respectively. The black stars are the data from Tsao and Koch
(1997); the (∗) and (×) symbols are results from Takemura and Magnaudet
(2003) and De Vries et al. (2002), respectively. The black line corresponds to
Eqn.(5.4). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
8.17 Numerical collision of a bubble with a wall inclined of 60◦ from the horizontal
in conditions Deq = 20 mm, Reterm = 560, Weterm = 2.3, corresponding to
conditions of Table 8.1. Evolution of (a) the normalized distance between the
bubble centroid and the wall, h/Deqand (b) the normalized tangential velocity
of the bubble, Vwall/Vterm as a function of normalized time, tDeq/Vterm. . . . 127
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2.1 Physical properties for all the experiments conducted in this investigation. In
all cases, the liquids were mixtures of water (W), glycerol (G) and Tri-ethanol
amine (T); percentages in the second column are by weight. Three experiments
were performed using Polydimethylsioxane, trimethylsiloxy silicon oil (SO).
The type of trajectory for bubbles before reaching the wall is shown on the
first column: rectilinear (R) or oscillatory (O). . . . . . . . . . . . . . . . . . 10
3.1 Values of αk, βk, γk and ξk for the Runge-Kutta / Crank-Nicholson scheme
used in JADIM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.2 Characteristics of the different 2D meshes tested for the interaction of a bubble
with an horizontal wall: ∆ywall is the vertical grid spacing of the mesh close to
the wall, ∆yfar is the vertical dimension of the meshes located at a distance
larger than one bubble diameter from the wall, ∆x is the horizontal dimension
of the meshes, Nx × Ny is the total number of cells, ∆t is the time step
of the simulation, Nstep the number of time steps necessary to simulate 0.5
seconds, Tsimulation the corresponding time of simulation. The simulation were
run on the MIZTLI supercomputer of the UNAM ( 118 TFlop/s, 5.312 cores
of Intel E5-2670, 16 NVIDIA cards m2090 and 15.000 Gbytes of RAM) with
the optimal number of cores. . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
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3.3 Physical properties for the numerical simulations conducted for the mesh study
for the bubble horizontal wall interaction. The subscript l refers to the liquid
properties while the subscript g refers to the bubble properties. . . . . . . . . 29
7.1 Physical properties for the oblique collision experiments conducted in this
investigation. In all cases, the liquids were mixtures of water (W), glycerol
(G); percentages in the second column are by weight. Two experiments were
performed using silicon oil (SO). . . . . . . . . . . . . . . . . . . . . . . . . . 85
8.1 Physical properties the numerical simulations conducted for the validation of
the JADIM code for the bubble inclined wall interaction. The subscript l refers
to the liquid properties while the subscript g refers to the bubble properties. 111
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